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PREFACE. 


The following pages contain all the important prop¬ 
ositions which arc given in books on Elementary Geom¬ 
etry according to the modern method, as distinguished 
from the method of Euclid* and a knowledge of which is 
conducive to general culture, and necessary for further 

mathematical studw 

* 

The points of difference between tin* modern method 
and the method of Euclid may be shortly stated thus :— 

i. Euclid, from a strict regard for regularity, does not 
allow any constriction though required only for demonstra¬ 
ting a proposition, to be assumed as effected, without 
shewing previously how it is to he made ; whereas, accord¬ 
ing to the modern method, for convenience of treatment, 
simple constructions, such as the bisection of a straight 
line or an angle, or the drawing of a straight line parallel 
or perpendicular to anothei, an* assumed to be effected, 
when necessary merely tor the purpose of proving a theorem. 

ii. Euclid, with a view to dispense, as far as possible, 
with the aid of instruments in effecting his‘constructions, 
grants only three things to be done, namely, the drawing 
of a straight line from one point to another, the produc¬ 
tion of a given straight line indefinitely, and the describing 
of a circle from anv centre at any distance: from that 
centre ; that is, he allows the use of only two instruments, 
an ungraduated straight ruler for drawing straight lines, 
but not for taking any measurements, and a pair of com¬ 
passes for describing a circle, but not for transferring, or 
for taking the measure of, any length from one position to 
another in any other way ; whereas, in the modem method, 
these things are allowed to be effected with the aid of 
instruments. 
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iii. Euclid deals with magnitudes directly, without 
resorting to their numerical equivalents in terms of any 
units of measurement, and is thus able to treat commensu* 
rable and incommensurable magnitudes alike, but at the 
same time, he is obliged to have recourse to a cumbrous 
and by no means obvious criterion of proportionality; 
whereas in the modern method, magnitudes, especially 
when considered with reference to proportionality, are 
taken to be represented by their numerical equivalents, 
the difficulty in the case of incommensurables being got 
rid of by the fact that they may be expressed numerically 
to any required degree of accuracy by adopting adequately 
small units. 

iv. Euclid is content wLh merely demonstrating his 
propositions, without helping the learner much to see why 
a particular construction is made, ora particular series of 
steps in a demonstration is taken ; and his propositions 
stand detached, without there being any attempt at 
generalisation of allied truths ; while Modern Geometry 
seeks to indicate to the learner, and to help him in finding 
out for himself, the reasons for the processes of construc¬ 
tion and demonstration adopted, and to present generalised 
statements and proofs of connected propositions. 

v. Besides the above mentioned general points of 
difference, there are some particular points, such as those 
connected with the definitions of an angle, a diameter of a 
circle, and a tangent to a circle. Euclid’s definition of an 
angle will exclude from consideration a re-entrant angle, 
and his definitions of a diameter and a tangent, though 
simple and sufficient for the circle, are inapplicable to 
many curves; whereas Modern Geometry, in order to 
make the definitions of those terms more comprehensive, 
introduces the idea of rotation of a line about a point into 
the definition of an angle, and regards the diameter as the 
locus of the middle points of a system of parallel chords, 
and the tangent as the limiting position of a secant 

It will thus be seen that Euclid’s method, if it has the 
advantage of being more direct and more rigorous in form 
than the modern method, labours under the countervailing 
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disadvantage of being less comprehensive and more cum¬ 
brous ; while the modern method, if it is less direct and less 
rigorous in form, has the compensating advantage of being 
more general and less burdensome, and better adapted to 
help progress in mathematical study. 

• 

It should be noticed that Euclid has the advantage 
of being well known and well suited for easjr reference. 

The advantages of Euclid's method at one time seemed 
to me to outweigh its disadvantages, and induced me 
to think that his Elements of Geometry, with suitable 
modifications, should be adopted as the text book in 
Geometry for the beginner. But it has since appeared to 
me to be necessary to lighten the labour of the student in 
acquiring a knowledge of Elementary Geometry, so that he 
may be able to spare time and energy for studying other 
subjects ; and I am now of opinion that Euclid may well 
be replaced by Modern Geometry. 

But if Euclid is to be superseded, our chief aim should 
be to help the beginner in the subject in learning, with each 
and within a short time, all the important elementary truths 
of Geometry. In this little book I have accordingly omitted 
alj unimportant propositions, and tried to give the substance 
of the first six Books of Euclid in 50 Theorems and 25 
Problems. In addition to the important propositions of 
Euclid, I have included a Problem (Problem 6 of Book III) 
for finding the numerical value of the ratio of the circum¬ 
ference of a circle to its diameter. This is ..taken with a 
slight modification from Legendre’s Geometry, and is in¬ 
serted here as a determination by simple elementary 
method, of the value of the important constant, w t which is 
usually left to be determined by the aid of the higher parts 
of Trigonometry, though the student has to assume the 
value as known at a much earlier stage. 

To make the book complete, a few elementary proposi¬ 
tions of Solid Geometry have also been included. 

Problems have been separated from Theorems in each 
Book, and propositions have been sought to be arranged 
with due regard to order. 
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Symbols and abbreviations have been largely used,, 
with a view to make the demonstrations not only shorter in 
appearance lj>ut more clear in reality. When once the 
student becomes familiar with the use of symbols, as he 
soon will, a demonstration presented in symbolical form 
will be grasped by him more readily, as a whole, and 
followed more easily in its different steps, than a 
demonstration written out at length in ordinary language. 

While the demonstrations given have been sought to 
be made clear, and explanatory notes have been given to 
elucidate important points, I have avoided encumbering 
the student with any superfluous help. 

The Exercises given at the end of each Book are not 
many; but they will be found to be of sufficient variety. 
Moreover, the smallness of their number will, it is hoped, 
encourage students to attempt to solve them all, and to 
devote sufficient time and attention to each before giving 
it up, or asking for help. One Problem worked out by 
the student himself is worth more than a dozen solved 
with the help of others. 

Nakikeldanua | 

August , 1906. j 


G, D. Banerjlie; 
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PREFACE TO THE FOURTH EDITION. 

% 

In this edition, the additions and alterations made 
in the second edition have been retained. Of these, Note 
2 at page 6, Theorem 16 at page 129, and Problem 3 at 
page 141 may deserve mention. 

A few more Exercises have been added. 

Problems have, as in the first edition, been placed 
after Theorems in each Book, because they almost in¬ 
variably require the aid of Theorems to explain the 
reasons for the constructions involved, whereas Theorems 
can hardly be said to require the aid of any Problem that 
follows. 

This book will, it is hoped, satisfy the requirements 
of the syllabus in Geometry prescribed by the University 
of Calcutta for the Matriculation and Intermediate Exam¬ 
inations. 

December 26 , igoy. G. D. B. 


PREFACE TO THE SIXTH EDITION. 

In this edition a few additions have been made, of 
which the General Note after the Axioms at page 5, and 
the additional methods of proving Theorem 21 of Book I 
and of solving Problems 5 and 6 of the same Book, may 
deserve mention. 

The grouping together of connected Propositions is 
expressly indicated by the insertion of appropriate head¬ 
ings before the different groups. 

July 22, 1910 . 


G. D. B. 
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ELEMENTARY GEOMETRY, 


BOOK I. 

STRAIGHT LINES, ANGLES, AND RECTILINEAL 

FIGURES. 

SECTION I. DEFINITIONS, AXIOMS, AND 
POSTULATES, 

I. Definitions. . 

i. Geometry is the science which treats of Solid6, Surfaces, 
Angles, Lines and Points. 

t. A solid is that which has length, breadth, and thickness, 
3- A surface is that which has only length *and breadth. 
Note, The boundaries of a solid are surfaces 

4. A line is length without breadth. 

Note. The boundaries of a surface are lines. 

5. A point is that which has position but no magnitude. 

Note. The extremities of a line are points. 

6. A Straight line is a line which has the same direction 
throughout its whole length. 

7. A plane surface or a plane is a surface in which any 
two points being taken, the straight line between them lies wholly 
in that surface. 
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8. If two straight lines, which are not in the 
same straight line, meet they are said to be inclined 
to one another , and the inclination between them is 
called a plana rectilineal angle or simply an 

angle. 

9. If twp straight lines, which are in the 
same plane, are such that being produced ever so 
far both ways, thiy do not meet, they are said to 
be parallel to one another. 

10. When one straight line stands on another 
so as to make the adjacent angles equal to one an* 
other, each of the angles is called a right angle, 
and each of the lines is said to he perpendicular 
to the other. 

Note. The magnitude of an angle is estimntcd by the amount of 
rotation of one of the lintw containing Jl about their point of intersection 
which ir> necessary to bring it to its actual position, supposing it to com¬ 
mence rotating after coincidence with the other line. Viewed in this 
way, an angle may bo greater than two right angles ; and such an angle is 
called a re-entrant angle. 

A line is named by two letters placed at its extremities, 
and an angle by three letters whereof the middle one is 
placed at the point ot intersection of the lines containing 
it, and the other two at their other extremities. 

Thus the lines containing the angle in the annexed 
figure are named AB, AC and the angle Itelween them, 

EiAC or CAB. 

f , 

When there is only one angle at a point as at A, it inay bo named 
as angle A. An unconneuted line may l>e named by a single letter. 

11. An angle less than a right angle is called an 

acute angle. 

ia. An angle greater than a right angle 
but le$s than two right angles, is called an 

obtuse angle 


13. A rectilineal figure is a figure bounded by straight 
lines. 

It is called a triangle, if it is bounded by three straight, 
lines, a quadrilateral, if bounded by four, and a polygon, if 
bounded by more than four straight lines. 
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i4- An equilateral triangle is a triangle 
having three equal sides. • 


15. An isosceles triangle is a Irian 
having two equal sides. • 


ingle A 


16. A scalene triangle is a triangle having 
three unequal sides. 




17. A parallelogram is a four sided figure 
having its opposite sides parallel. / / 


18. A rectangle is .1 parallelogram having a 
right angle. 


19. A Square Is a n.vt ingle having all its sides 
equal. 

20. A rhombus is a parallelogram having all 
is sides equal. 

a 1. A circle is a plane figure contained by 
one line which is called its circumference, and is 
such that all straight lines drawn from a certain fixed 
point within it to the circumference are equal to one 
another ; and the fixed point within is called the 

centre. 

22. A radius of a circle is a straight line drawn from the 
centre to the circumference. 

23. A diameter of a circle is a straight line drawn through 
the centre and terminated both ways by the circumference. 

General Note. The foregoing definitions give the meanings of the 
terma defined, and imply that the things signified by those terms are 
possible things. Thus, it is implied that points, lines, parallel straight 
lines, and circles can be conceived to exist and can be supposed to be 
marked or drawn. 
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It in true that a line, however finely drawn, will have some breadth, 
and a point, however small the mark representing it, will have some 
magnitude ; hut the breadth in the one ease, and tne magnitude in the 
other, are supposed not to exist, that is, are not taken into account. If 
this was not done, difficulties would arise. Thus, in bisecting a straight 
line, that is, in dividing it into two equal parts, the middle point, if we 
do not disregard its magnitude, will have to lie divided into two equal 

K rts, and the mark by which this division is effected will again have tn- 
similarly divided, and so on, before the line cau be said to be bisected. 

34. An axiom is a self-evident truth. 

35. A postulate is an assumption that a certain simple 
construction may be effected. 

26. A theorem is a proposition stating a certain truth to 
be demonstrated. 

37. A problem is a proposition proposing a certain con¬ 
struction to be effected. 

38. When a proposition states that a certain condition 
being assumed, a certain inference follows, the condition assumed 
is called the hypothesis, and the inference following, the con¬ 
clusion of the proposition 

When two propositions are so related that the conclusion 
of the one is the hypothesis of the other, and the hypothesis of 
the former, the conclusion of the latter, the latter proposition 
is said to be the converse of the former. 

II. Axioms. 

1. Things which are equal to the ?>amc thing are equal to 
one another. 

a. If equals be added to equals, the wholes are equal. 

3. If equals be taken from equals, the remainders are equal. 

4. If equals be added to unequals, the wholes are unequal. 

5. * If equals be taken from unequals, the remainders are 
unequal. 

6. Things which are the same multiples of equals are equal. 

7. Things which are the same parts of equals are equal. 

8. The whole is greater than its part. 

9. Magnitudes which coincide with one another, that is, 
which exactly fill the same space, are equal to one another. 
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to. Two straight lines cannot enclose a space, nor can 
two straight lines have a common segment. 

it. All right angles are equal. ' 

i a. Two intersecting straight lines cannot both be parallel 
to the same straight line. 

Notjs. This is Playfair's axiom about parallel straight linos ;and it 
is here adopted as being the simplest of all the aviotns that have been 
proposed regarding parallels. 

The following remarks may help the student in realising tho truth}of 
this axiom, which asserts that through a given point t hero can be drawn 
one and only one straight line parallel to a given straight line. 



Let Al{ bo a given straight line, and C a given point without it. 
Let CD be the perpendicular from C on AH ; and let a straight line rotate 
About the point C, starting from the position in which it is coincident 
with CD, and passing through the positions CX,, CX,, CX,, ECF, CX", 
CX', CX'. The points of its intersection with AB, that is, X,, X t , 
X 3 ...on the right side ot Cl), move further and further from D until the 
rotating line eomes to the positiou KCF, when the point of intersection 
moves to an infinite distance from D; and further rotation transfers the 
points of intersection to the left of CD, and makes these points, that is, 
X', X', X' approach nearer and nearer to D. There iH one position and 
only one, namely, ECF, in which the rotating line never meets AB ; and it 
will be observed that this is the position in which the rotating line does 
not incline towards AB cither on the right side or on the left side of CD. 

General Note. 1. Axioms 1 to 8 apply to all sorts of measurable 
quantity, while axioms 9 to 12 refer to geometrical magnitudes only. 

2. The converse of axiom 9 is not always true. Take for instance 
the case of a pair of shoes. See Book IV Theorem 16 Note 2. 

3. Axiom 10 furnishes a test of the straightness of a line. Make an. 
exact copy of the line, and place the line on its copy in different positions. 
If they coincide in all po**ibU positions, the line is straight. Note that 
arcs of equal circles ooincide in certain positions, bat do not coincide 
when those positions are reversed. The straightness of a ruler may be 
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tented in the name way, by plaoing it side by side with another ruler 
and observing whether their edges coincide in every position or not. 

4. Axiom U and definition 10 should be taken together. 

Definition 10 furnishes a test of the correctness of n set square 
Draw a straight line on a plane such as a sheet of paper stretched on a 
l»oard. Place one of the sides of the set square containing the right angle 
along the straigot line, and trace the other side on the paper. Reverse 
the square and observe whether the last mentioned side coincides with 
its tracing. If it does, the angle of the square is a right angle. 


III. PoSTl/LUM. 


Let it be granted — 

1. That a straight line tna\ he drawn from am one point 
to any other point. 

2 . That a terminated straight line ma\ he piodmrod to any 

length in a straight line. 

3. That a circle may be described with any point as centre 
and with any finite straight line as radium. 

4. That a finite straight line may he bisected at a point. 

5. That any angle may be bisected by a straight line. 

6. That a straight line may be drawn perpendicular to a 
given straight line from any point in or without it. 

7. That a straight line tnav be drawn parallel to a given 
straight line from any point without it. 

8. That a straight line may be drawn from any point in a 
given straight line making a given angle with it. 

Noth 1 . Postulates 1 and 2 assume the use of an nngraduated 
straight ruler, and postulate .1 assumes the use of a pair of compasses 
for describing a circle, and tor transferring definite distances or lengths in 
a straight line. 

Postulates 4 to S arc assumed only for effecting certain simple 
constructions which may be necessary for the demonstration ot theorems, 
and it is allown later (see Problems 2 to t>) how the constructions assumed 
as effected, can be mode with the help of postulates 1 to 3, which are 
the only postulates that are really assumed. 

Note 2. The constructions assumed in postulates 4 and ."> and the 
firit part of postulate 6 may lie supposed to be effected in the following 
manner, without the help of any instrument. 

To bisect a straight line, suppose the plane in which it lies to be 
perfectly flexible and to be folded so that one of the extremit/es of the 
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line falls on the other; then the two parts into whioh the line is broken 
coincide and are equal, and the point at which it is folded is its middle 
point. 

To bisect an angle, suppose the plane in whioh it lies to be perfectly 
flexible and to be folded so that one of the lines containing the augle falls 
on the other ; then the two parts into which the Angle is divided coincide 
and arc equal, and the line about whioh the plane is foiled, that is, the 
crease, is the bisector of the angle. 

To draw a perpendicular to a straight line from a given point in it, 
produce the line if the given point is one of its extremities, and suppose 
the plane in whioh it lies to be perfectly flexible and to be folded so that 
the creABo passes through the given point, and the two parts of the line 
on the two sides of that point fall on one another ; then the angles formed 
by the crease with those two parts of the line coincide and are evidently 
right angles, and tin* crease is the perpendicular required. 

The foregoing remarks point to Home of the exercises in paper 
folding, in which the student should lie practised, as a method of 
constructing geometrical figures. 
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SECTION II. THEOREMS. 


Introductory Remarks, i. The following symbols and 
abbreviations will be used in this book :— 


pt. 

for 

point. 

| or st. line 

H 

straight line. 

L 


angle. 

rt. Z. 

It 

right angle. 

11 

>» 

parallel to, or is or are parallel to. 
perpendicular to, or is or are per¬ 
pendicular to. 

JL 

If 

A 

If 

triangle. 

p or parm. 

»» 

parallelogram. 

a or rect. 

If 

Tectangle. 

□ or sq. 

»? 

square. 

0 

If 

circle. 

O 

n 

circumference. 

• * 

• 

it 

because. 

• 

• • 


therefore. 

CS 

It 

equal to or is or are equal to. 

> 

if 

greater than or is or are greater 
than. 

< 

»• 

less than or is or are less than. 

AB* 

ft 

square on AB. 

AB.CD 

tt 

rectangle contained by AB and 
CD. 


In reading the book, and in stating orally the constructions 
and demonstrations in propositions, the student should use no 
abbreviated language, but should express himself io sentences 
that are complete and correct. 

2. The student should try to see the necessity of every con¬ 
traction, and to find out for himself as far as he can, the reason 
for the different steps taken in the demonstration of a proposition. 

3. The student should be careful not to assume the truth 
of any proposition except the axioms given above, and the 
theorems previously proved. 
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4. Though the student may theoretically assume the con¬ 
structions mentioned in the postulates given above, as effected 
correctly, he should be careful practically to , effect them 
correctly, and for that purpose to know how they can be made 
with the aid of instruments. For correct figures will not only help 
him in easily following demonstrations, but will often enable him 
readily to find out for himself the different steps of a demon¬ 
stration. * 

The Instruments which he should provide himself with are,— 

A Graduated Straight Ruler or Scale for drawing straight 
lines and measuring lengths. 

A Pair of Compasses with a Pencil for describing circles. 

A Pair of Dividers for transferring distances or lengths. 

A Protractor for measuring angles. 

A Set Square for drawing parallels and perpendiculars. 

Straight lines may be drawn, measured and divided with 
the help of a scale and dividers ; circles described with com¬ 
passes ; parallels and perpendiculars drawn with set squares 
(see Notes to Problems 5 and ft); and angles measured with 
protractors. 

It may be observed here that a right angle or rather the arc 
of the circle on which it stands, is supposed to be divided into 90 
equal parts, and each of these is called a degree \ so that a right 
angle is represented by 90°. half a right angle by 45“, and a third 
part of a right angle by 30 0 . 

In working out numerical examples in Geometry, the student 
should verify lus results by measurement. 

$. It should be borne in mind that the points, lines, angles, 
and figures, referred to in any proposition in Books I, II and 
III, are supposed to lie in one plane. 
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I. Intersecting Straight Lines. 

THEOREM 1. 

If at a point in a straight tine, two other straight lines on 
opposite sides of it meet and are in the same straight line, the two 
adjacent angles ivjiich they on either side of them make\with the first 
mentioned straight line, tare together equal to two right angles , 



Fig. i Fig. 2. 

Let the st. lines OA. OB on opposite sides of the st. line CD 
meet at the pt. O and he in the satne st. line ; 

then z s AOC and COB together =» 2 rt. Zs* 

If z AOC = z COB as in Figure 1, 
then each of them is a rt. Z (Definition 10), 
and Z AOC 4 - z COB 2 rt. Z s - 
If Z AOC and COB he not equal, as in Fig. 2, 
suppose OF. 1 AB. 

Then z AOC + zCOB - ZAOC +ZCOE+ZEOB, 
and ZAOE+ Z FOB — ZAOC +- zCOE+zKOB; 
ZAOC -f zCOB =» ZAOK zFOB (Axiom 1), 

= 2 rt. zs (Def. 10). 

Similarly it may he shown that 

ZAOD + zDOIi = 2 rt. zs. 

Corollarv 1. From this it is manifest that the four angles 
which two intersecting straight lines make, are together equal to 
four right angles. 

Cor. a. When several straight lines meet at a point, the 
consecutive angles they make, taken all together, are equal to 
four right angles. 

Notk. Each of the two angtea AOC and COB is called the xuppU 
nunl of the Other, and the two angles are said to lie mipitlemcntary to 
each other. 
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THEOREM 2. 

If at a point in a straight line two other straight * lines on oppo¬ 
site sides of it meet and make the adjacent angles pn the same side 
of them together equal to two right angles , these two straight lines are 
in the same straight line. 



Let the st. lines OA, OB meet the st. line OC 
at O on opposite sides off it, and make 
Zs AOC and COB together equal to 2 rt. z*»; 
then OA and OB are in the same st. line. 

For, if not, let AO produced lie as CD. 

Then ZAOC + L COD = 2 rt. Zs- (Theor. 1). 

But Z AOC + Z COB= 2 rt. z s (by hypothesis) ; 

,\ ZAOC + z COD - z AOC-f z COB (Axiom 1). 
and taking z AOC from both these equals, 

ZCOD - ZCOB. (Axiom 3) 
the less equal to the greater, which is absurd. 

Therefore OD must coincide with OB, 
or < )A and OB must be in the same st. line. 

Notk 1. This proposition is the converge of the preceding ; and th<- 
method of demonstration used is culled the indirect method, which con- 
eiotfi in shewing that every possible assumption other than that of th«* 
truth of the proposition to bo proved, leads to an absurd result. 

Notk 2. Any tiro points may he joined by a straight line ; hut any 
three points are not necf,*emrily in a straight line. 

The three pts. A, 0, and B are in a st. line only when they am so 
situated that any st. line OC lasing diawn through the intermediate pt. 
the Z 8 AOC and COB together- 2 it. Z*. 

When three or more points arc in the same straight line, they are 
said to U» colli near- 

Anv two straight lines in a pLme which are not parallel, meet in a 
point; Tut any three or more straight lines which are not parallel may not 
meet in the ram^ point. When they do, they are said to l*> concurrent- 
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THEOREM 3. 

If two straigXl lines cut one another , the opposite angles are equal. 



Let the st. lines AOB and COE cut one another in O ; 
then z:A0 C=4B0D, and £AOD-aBOC. 

For A AOC + jL COB » a rt. z s, 
and L BOD + t COB » a rt. zs (Theor. I); 
.% L AOC+ Z.COB= £_ BOD + Z.COB ; 
and taking the z COB from these equals, 

ZL AOC= L BOD. 

Similarly z:AOD=z:BOC. 


THEOREM 4. 

If a straight line falls on txoo intersecting straight lines , it makes 
the alternate angles unequal , the angle on that side of it on which the 
two intersecting lines meet being less than the angle on the other side. 



Let the st. line CE fall on the intersecting st. lines OA, OB ; 
then zlODE< Z.DEB, and Z.OED< Z.EDA. 
Suppose DE bisected in G, and OG produced to H 
so that GH = OG. Join EH. 

Place A EGH (reversed) on A DGO so that 
the pt. G of the one A may Be on the pt. G o£ the other, 
and the side GE on the side GD: 
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then the pt. £ shall fall on the pt D, V GE«GD. 

And GE falling on GD. GH shall fall on GO, 

V zEGH* Z.DGO (Theor. 3), 
and the pt. H shall be on the pt O, V GH==GO. 

And v' pts. E and H fall on pts. D and O 
/. EH shall fall on DO. (Axiom 10). 

Thus AEGH coincides with aDGO, and £ GEH*with £GDO, 

and A GDO=: A GEH. 

But ^GEH<zDEB, 

A GDO, that is, a ODE< a DEB. 

Similarly A OED<r A EDA. 
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II. Parallel Straight Lines. 

THEOREM 5. 

I. If a straight line falling on two other straight lines, makes 
the alternate angles equal , these two straight lines are parallel. 

II. Conversely , if a straight line falls on two parallel straight 
lines , it makes the alternate angles equal. 



I. Let the st. line AB fall on the st. lines EF, GH 

so that f E('D = / CDH ; 
then EF |! GH. 

For if not, let EF and GH meet in I. 

Then zCDH<Z.ECD (Theor. 4) 
which is impossible, 

V £ CDH= ECD by hypothesis. 

Hence EF, GH cannot meet in the direction of I. 
Similarly it may be shown that they cannot meet in the 
opposite direction. 

They are therefore parallel. 

II. Let the st. lines EF. GH be parallel; 

then L ECD= CDH. 

For if not, one of them, ^ECD> the other, Z.CDH. 

Suppose £ ]CD = L CDH (Postulate 8 ). 

Then st. line JCK || GH by the theorem just proved. 

And v EF || GH, 

/. both ECF and JCK |[ GH, 

which is impossible (Axiom it). 

Hence £ s ECD and CDH are not unequal, that is, they 
•are equal. 
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THEOREM 6. 

I. If a straight line falls on two parallel straight lines, it makes 
the exterior angle equal to the interior opposite angle on the same side 
of it, and the two interior angles on the same side of tl together equal 
to two right angles. 

II. Conversely, if a straight line falling on two other straight 
lines mikes the exterior angle equal to the interior opposite angle on 
the same side of it, or the two interior angles on the same side of it 
together equal to two right angles, the two straight lines are parallel. 



I. Let the si. lines EF, GH be parallel, 

and let the st. line AB fall on them ; 
then z BDH - Z BCF, 
and zBCF+zADH=»2 rt. Zs. 

For, VEFj|GH, 

.*. z BCF * Z. ADG (Theor. 5) 

= ZBDH (Theor. 3). 

Again, v Z BCF - z BDH, 

.% z BCF + L ADH = Z BDH + Z ADH 

=2 rt, Zs. (Theor. 1). 

II. Let z BDH -z BCF 
or let Z BCF + Z ADH — t rt. z s; 

then EF |l GH 

For. v Z BCF- z BDH= z GDC (Theor. 3), 
.\EF ii GH (Theor. 5). 

Again*.* Z BCF f z ADH = art. z s=» Z ADG+ Z ADH (Theor. 1), 

taking ZADH from both, 

ZBCF=ZADG, 
and EF H GH. (Theor. 0 . 
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Notk. When a straight line fall* on two others, if the latter are 
parallel, then 

(1) the alternate angles are equal, 

(2) the exterior angle is equal to the Interior opposite angle, and 

(ft) the two interior angles on the same side of the cutting line 
are supplementary. 

And conversely, it' any one of these conditions is satisfied, then the 
lines are parallel. 

The first ease is proved independently, and the other two are deduced 
from it. 

It will be seen that there are two pairs of exterior angles and two 
pairs of interior angles, and the two angles of each pair are supple¬ 
mentary. It will also be observed that the four interior angles taken in 
pairs alternately, constitute two pairs of alternate angles. 


THEOREM 7. 

If two straight lines are parallel to the same straight line , they 
arc parallel to one another • 


G 

A _ h/ 

B 

/ 

0 u 

„D 

/ 

Ef j/ 

p 

> 


Let the st. lines AB, CD be both parallel to EF; 

* then AB !j CD. 

For let any st. line GHI]K fall on the three st. lines. 
Then V AB || EF, 

,\ L AHK= z GJF (Theor. 5), 

Again V CD || EF 
,\Z.GID-Z. GJF (Theor. 6 ) 

Hence ZLAHK= z GID (Axiom 1). 
and AB || CD. (Theor. 5). 
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Cor. If two intersecting straight lines are respectively 
parallel to two others, the two pairs of lines contain equal angles. 


\ > 

- ^ 

/ 

■■ A 

/ 

■ >"»> 

- z — 


/ 


/ 1 




This is clear from the Figure, where 

L C =» between BC ind C'A' 
= L C (Theor. 6). 


2 
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III. Relations among the Angles and 
Sides of a Triangle. 

THEOREM 8. 

If three straight lines intersect so as to form a triangle , the three 
interior angles arc together equal to two right angles. 


1 '* 

f. 


\ / 

/ 

\ / 

B 

"' c b" 


Let the three st. lines AB. BC, CA, form the A ABC; 
then i_ CAB » z A BC + Z BC A *» 2 rt. Z. s. 

Produce BC to D and suppose CEjjAB. 

Then V CE||AB. 

z. CAB= ZLACE (Theor. 5), 
and Z. ABC «■ Z. ECD (Theor. 6 ; ; 

,\ 1 CAB + Z ABC + / BCA - z ACE + L ECD + l BCA 

= Z.DCA+zBCA 
=» 2 rt, Z.s. (Theor. 1). 

Cor. 1. Any two angles of a triangle are together less than 
two right angles. 

. Notk. 1. Henoe if one Riufln of a triangle he obtuse or right, tho 
other two angles must both be acute. 

Cor. 2. If one side of a triangle is produced, the exterior 
angle is equal to the sum of the two interior opposite angles, and 
is greater than either of them. 

Cor. 3. All the interior angles of any rectilineal figure 
together with four right angles, are equal to twice as many right- 
angles as the figure has sides. 



Let us take any rectilineal figure of n sides; 
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then all the interior Z s + 4 rt. z s - *» rt. z s. 

Take any pt. O within the figure, and join it with all the angular 
points of the figure. Then the figure is divided irtto »4s. 

Now the interior Zso f the s4s-i» rt. Zs. 

But interior Z s of the n As - interior z s of the fig. + Z s at O; 
and the Z» at O -4 rt- z s (Theor. i, Cor.«); 
the interior Zb of the fig. + 4 rt. Zs-a n rt. Z.8. 

Cor. 4. If the sides of any rectilineal figure’which has no 
re-entrant angle arc produced in order, the sum of all the exterior 
angles is equal to four right angles. 

Suppose the figure to have n sides. 

Then all the interior Zs + all the exterior Z 8 - 2* rt. z s. 

and all the interior z s+4 rt. z s - in rt. z s; 

all the exterior z s - 4 rt. Z s. 

Note 2. Theorems 8 and 6 show that when a h( laight line falls on 

two other straight lines, the Bum of the two interior angles on either 
side of it is equal to, or less than, or greater than, two right angles, 
according as these two Rtr&ight lines are parallel, or are convergent or 
divergent on that side, the defect, or excess being equal to tho angle 
between the two straight lines. Ami if we regard tho angle between 
two parallel straight lines as zero, the same truth may Im> shortly stated 
thus :—When a straight line falls on two other straight lines, the differ¬ 
ence between tho sum of the two interior angles on either side of it 
ami two right angles is equal to tho angle between those two straight 
lines. 


Cor. 5. Corollary 3 enables us to determine the magnitude 
of an interior angle of any regular (that is equilateral and equi¬ 
angular) rectilineal figure thus :— 

Let the figure have n sides. 

Then an interior z - * x (in - 4) rt. Z s 


-(*-;■) rt. Z.8 


— | of a rt. z 

if n - 3. 

or - 1 rt z. 

if n - 4, 

or - J of a rt. z 

if »- 5 , 

or - £ of a rt. Z 

if «~6, 

or - * T 0 of a rt. Z 

if *-7, 

or -1 of a rt. Z 

if »-8, 

&c. 

Ac. 


And hence, v the angular space round a pt. - 4 rt. Z 8, 
equiangular triangles (6 in number), squares (a in number), and 
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regular hexagons (3 in number), are the only regular figures that 
can exactly fiU such space, 3 regular figures of 7 or more sides 
filling up more than 4 rt. / s (V3 x y°Ac.) and s 
such figures being insufficient (V they fill up angular space that 
is less than 4 ru L a). 

Note 3. It may be observed that the bee makes the cells of her hive 
in the shape of regular hexagonal prisms, there being thus no loss of space 
about any point of junction ; and economy of space is further secured by 
reason of the hexagon approaching more nearly the roundness of the 
cylindrical larvie for the abode 01 whioh the cells are intended, than the 
other two regular figures mentioned alw>ve. We may therefore truly say 
of the bee, 

11 How akillfully she builds her cell 1 ” 

Note 4. It should be borne in mind that the rectilineal figures 
referred to above are plant figures. 
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Another Proof of Theorem 8. The following demonstra¬ 
tion of this important theorem, first given by Playfair, deserves 
the student's careful consideration. 



Let ABC be a A* 

Produce CA, AB, and BC to D, E, and F respectively. 

Let AD rotate about A through /DAB, 
that is, till it coincides with AB; 
and then translate AD along AB till A comes to B. 

Now let AD in this altered position rotate about B through 4 EBC, 
, that is, till it coincides with BC ; 
and then translate AD along BC till A comes to C. 

Next let AD in this altered position rotate about C through 4 FCA, 
that is. till it coincides with CA; 
and lastly, translate AD along CA till A and AD 
coincide with their initial positions. 

Thus by rotation through 4 DAB + /_ EBC + / FCA, 

and by translation, 

AD comes back to its initial position. 

And as rotation is independent of translation, 
and the total rotation necessary to bring a st. line back 
to its initial position, is rotation through 4rt. 4 s, 
the total rotation of AD or 4 UAB+ 4 EBC + 4 FCA, 
that is, the sum of the exterior 4s of the A ABC=411. / s. 

But the sum of the exterior 4 s 4* sum of the interior 4 s-«6rt. / s ; 
.% sum of the interior 4s»irt. zs. 
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THEOREM 0. 

I. If two sides of a triangle are equal\ the angles opposite to 
them are also e\jual. 

II. Conversely , if two angles of a triangle are equals the sides 
opposite to them are also equal. 



I. Let the sides AB, AC of AA.BC be equal; 

then zACB=z ABC. 

For supposed BAC bisected by AD, 
and suppose A ABC folded about AD. 

Then V ZCAD - Z BAD, AC shall fall on AB ; 
and V AC-AB, pt. C shall fall on pt. B, 
and side DC on side DB (Axiom 10). 

Thus A ADC coincides with A ADB and zACB with z ABC 
and Z ACB - Z ABC, (Axiom 9). 

II. Next let Z ACB - Z ABC; 

then AB - AC. 

For if not, one of them > the other. 

Suppose AC>AB, and AE-AB. 

Then Z AEB - z ABE (from what is just proved). 

But Z AEB> z ACB (Theor. 8, Cor. »), 

A Z ABE> Z ACB; 
and V ZABC> ZABE, 

ZABC> z ACB, which is absurd, 
being contrary'to the hypothesis. 

Hence AB and AC are «ot unequal, that is AB - AC. 

Cor. Hence every equilateral triangle is also equiangular, 
and conversely, every equiangular triangle is also equilateral. 



SEC. II.] 


THEOREMS. 


23 


THEOREM 10. 

I. If one side of a triangle is greater than another, the angle 
opposite to the former is greater than the tingle opposite^to the latter . 

I I . Conversely , if one angle of a triangle is greater than another , 
the side opposite to the former is greater than the side opposite to the 
latter. 



I. Let the side AB or the A ABC be greater than AC ; 

then Z ACB;> z ABC. 

Suppose A 1 )AC. Join CD. 

Then 1 ACI) - z ADC ( Theor. 9). 

But z ACB> z ACD and > z ADC, 
and Z ADC> z ABC (Theor. 8 , Cor. 3); 
zACB> zABC. 

II. Let z ACI 3 be greater than z ABC ; 

then AB> AC. 

For if not, AB either - or < AC. 

But AB cannot be equal to AC. 

for then z ACB would be equal to z ABC which is not the case; 
nor can AB be less than AC, 

for then Z ACB would be less than Z ABC which is not the case. 

Hence AB> AC. 

Cor. Of all straight lines that can be drawn to a given 
straight line from a given point without it, the perpendicular is 
the shortest. 

For if CD _L AB and CE any other st line, 

V zCDEisart. z and Z^ED 

(Theor. 8, Co*. 1), 

.% ce > cd. 


Note. From Theorem* 9 awl 10 it follows that if one aide of a 
triangle ia greater than, equal to, or lew than another, the angle opposite 
to the former, is greater than, equal to, or lea* than the angle opposite to 
the latter. 
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THEOREM II. 

Any two sides of a triangle are together greatet than the third 

side. 



Let ABC be a A of which AB, AC are any two sides; 
then AB-f AC> BC. 

Produce BA to I) and suppose AJ) = AC. Join CD. 
ThenvAD-AC,.\ z ACD= Z ADC (Th'eor. 9). 

But z BCD> z A CD./, z BCD> z ADC, 
and.*.BD or BA + AD>BC (Theor. 10). 

But AD = AC ; 

BA + AC> BC. 

Cor. A straight line is the shortest distance between any two 
points. This is really evident. But if necessary it may be proved 
thus:— 



Let A and B be any two pts., 

joined by the st, line AB and the crooked line ACDB or curve 
AC'D'B. 


* Then AC + CD> AD. and AD + DB> AB ; 

.*.AC + CD + DB> AB. 

Similarly AC' + C'D’ + D'B> AB. 

And by taking on the curved line a sufficiently targe number 
of points near one another, the length of the curve may be 
made to differ as little as we please from the crooked line joining 
those points. 
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IV. Congruent Triangles. 

THEOREM 12. 

If two triangles have two sides of the one equal to two sides of the 
other , each to each , and the angles contained by those sides equal to each 
other , then their bases or third sides are equals the triangles are equal , 
anti their remaining angle t ate equal , euk to . at A, namely , those to 
which the equal sides are opposite . 


/ \ 

AA 


A 
/ \ 
/ \ 

L i 


Let ABC and DEF he two As in which 
AB-DK, AC-DF, and / BAC — AEDF; 
then BC-FF. A ABC-ADKF, 

AABC- aDKF, and z ACB- L DFE. 

For, apply theAABC to iheA^KF so that 
pt. A falls on pt D. and st line AB on st. line DE ; 
then K shall tail on E, vAB=DE. 

AC shall tall on I)F, v z BAC« z EDF, 
and C shall fall on F, VAC-DF. 

And V B and C fall on E and F, 

•*. BC coincides with EF and is equal to it. (Axioms 10 and 9 y 
Thus the A ABC coincides with the A Dl.F and is equal to it, 
and the z s ABC, ACB respectively coincide with 
the ZsDKF and DFE, 
and are equal, each to each. (Axiom 9.) 

Notk 1. Triangles and other figures which can tio mode to coincide, 
and are therefore equal in e\ ei \ respect, arc said to foe congruent. 

Note 2. The student should carefully note the import of the word* 
“each to each, namely, those to which the equal sides are opposite/' Z B 
to which AC is opposite, is equal to Z K to which 1)F, equal to AC, i* 
opposite, and not to Z F. 
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THEOREM t3. 

• 

If two triangles have two sides of the one equal to two sides of the 
other y each to each'and also their bases equals the angle contained by 
the two sides of the one is equal to the angle contained by the two 
sides of the other ; and the triangles are equal in every respect . 



Let ABC, DKF be two As in which 
AB-DE, AC = UK, and BC=EF; 
then L BAG — t EDF. and the As are congruent. 

* For apply the A ABC to the A DEE so that 
B falls on E, BC on EF, 

[and A ABC on the side of EF opposite to D; 
then C falls on F, V BC=EF. 

Let AB, AC have the positions GE, GF, Join DG. 
Then V DE -All- GE, 

L EGD= L EDO (Theor. 9); 
and v DF » AC - GF, 

AFGD- zFDG (Theor. 9); 

.*. adding these equals. 

L EDF- L EGF= L BAC, 

and.*, the two as ABC and DKF are congruent (Theor. 12). 
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THEOREM 14. 


JJ two triangles have two tingles of the one equal to two angles 
of the other , each to each, and have a side of the ong, whether adjacent 
to the equal angles or opposite to one of them, equal to a corresponding 
side of the other, the two triangles are equal in every respect . 



Let 4 BC and I)HF b 1 uo A*» in which 
4 ABC=» l DEF, 4ACB=^ DF£, 
and either BC*-EF, or BA««ED ; 
then the As ABC and DEF are equal in every reapect. 

First suppose BC ■» EF. 

Apply the A ABC to the A DEF so that 
B mav fall on E and BC on EF; 
then C shall fall on F, V BC-EF, 

BA shall fall on ED, V z B= 4 K, 
and CA shall fall on FD, 4 C «* 4 F ; 
and A shall fall on D, V BA and CA fall on ED and FD, 
and any other position of A would make BA and ED or 
CA and FD, or both pairs of lines, have a common segment, or 
common segments, which is impossible (Axiom 10). 

Thus the two As ABC and DEF coincide, 
and are equal in every respect (Axiom 9). 

Next suppose BA = ED. 

Then V Z B+ 4C + z.A=m. zs = 4 E+zF+zD (Theor. 8 ), 
and £B+ zC= 4 E+£F, (Hyp.), 
zA« 4D, 

so that this case becomes similar to the first case, 
and the two As are congruent. 
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THEOREM 16 . 

If two triangles have two sides of the one equal to two sides of 
■the other, each to each , and their angles opposite to one pair of equal 
sides equal , their angles opposite to the other pair of equal sides an 
either equal or supplementary. 


A U 

A A 

/ , - / ; \ 

/—j_.j /... i - 
9 C' r. r f f 


Let ABC, (or ABC') and DEF be two As in which 
AB-DE, AC (or AC')=DF, and i ABC= i DEF; 
then Z ACB (or i. AC'B)= zDFE (or is supplementary to it). 
Apply AABC to ADKF so that B falls on E and BC on EF. 
then BA shall fall on ED, V ZB« zE, 
and A shall fall on D, VBA - ED ; 
and the side AO will either fail on DF, 
or, if it is the dotted line AC', it will have the position DF'. 
In the former case z ACB - z DFE ; 
and In the latter, i AC'B= l DF'E, 
that is, z AC'B is supplementary to Z DF'F ; 
but ZDF'F-ZDFE, v DF = AC'-DF' ; 

ZAC'B is supplementary to Z DFE. 


Not*. Theorems 12, 13.14, and hi relate to the equality of two 
triangles in every respect, which follows, if, subject to the exceptions 
presently to be noticed, three out of the six putts, oamoly. the threw sides 

Attn ina ilihikn ..a* __ * • i « t . . . ■ . 



tnem, the triangles are congruent, as shown in Theor. 12. 

(®> The equal parts being two sides and an angle opposite to one of 
them, the triangles aro either congruent or the angles opposite to the 
other pair of equal sides arc supplementary, as shown in Theor. 15. 

II. The equal parts being two angles and a corresponding side, the 
triangles are congruent, as shewn in Theor. 14. l¥ 


The equal parts being the three sides, the 
timngles are congruent, as shewn in Theor. 13. 

IV. The equal parts being the three angles, the 
triangles may not be congruent, as may be seen from 
the annexed Figure, where BC, B*,C., B,C. are 
parallel, and the As ABC, AB^,, AB,C, are equi¬ 
angular (Theor. ^ 
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V. A CASE OF NON-CONGRUENT TRIANGLES. 

THEOREM 16 . 

I. If two triangles have two sides of the one equal to two sides of 
the other , each to e<uh, but the angles included by those sides unequal , 
the base of the triangle having the greater included angle is greater 
than the base of the other. 

II. Conversely, if two triangles have two sides of the one equal 
to two sides of the other, each to each . but their bases unequal, the 
angle included by the two sides of the triangle having the greater 
base is greater than the corresponding angle of the other. 



I. Let ABC, DEF be two As in which 

ABaDE, AC«DF, but zBAC> ZEDF; 
then BC>EF. 

Let DE be not greater than DF. 

Suppose z EDG = Z B AC, and DG — DF or A C, 

Join EG and FG and let EG cut DF in H. 

Then V DE is not greater than DF or DG. 

/• L DGE is not greater than zDEG (Theor. 10% 

But z DHG> z DEG (Theor. 8. Cor. 2). 

/. zDHG> l DGE. and DG or DF> DH, 
that is. H falls above F. 

Now v DG=DF. zDFG=zDGF. 

And ZEFG> z DFG or zDGF and .•«> z EGF, 
.\EG>EF (Theor. io)» 

But V in the As ABC and DEG, AB=DE, ACssDG 
and Z A = Z EDG, 

,\BC=EG (Theor. is). Hence BC> EF. 

U. If in the As ABC, DEF, AB-DE. AC-DFbut BC>EF, 

then ZBAC> zEDF. 

For, if not, zBAC either—or < zEDF. 

But Z BAC is not equal to zEDF. 

V in that cate BC—EF which is contrary to the hypothesis. 
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Nor is L BAC< £. EDF, 

V in that case BC<EF which is contrary !b the hypothesis, 
r L BAC> i EDF. 

Note. Theorems 12 and 16 maj tie taken togethei and enunciated 
thus ■— 

If two triangles have two sides ot the one equal to two sides of the 
other, each to esc h, the third side of the one will lie greater than, o<|ual 
to, or less than th^ third side of the othei, according as the angle 
contained h> the other two sides of the former is greater than, ei[ual to, 
or less than the angle contained b} the other two Hides of the latter. 
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VI. Parallelograms. 

< 4 ^ 

THEOREM 17. 

The opposite sides amt nuclei of a parallelogram arc equal, and 
each diagonal bisects it. 



Let A BCD be a parm., and AC, BD its diagonals ; 
then AB=CD, AD-BC, Z BAD - /.BCD, zABC=ZADC, 
A ABD= ACDB, and A ABC- A CD A. 

For v AB || CD, Z ABD= z CDB (Theor. 5) ; 

and v AD || BC, # z ADB-z CBD (Theor. 5). 

Thus, in the' two As ABD, CDB, 

Z ABI)= z CDB, z ADB=» z CBD, and BD is common to both, 
/. AB=CD, AD-CB, L BAD-z BCD, 
AABD=ACDB. (Theor. 14). 

Again V Z ABD— z CDB, and z CBD—zADB, 
the whole Z ABC - the whole Z ADC. 

Similarly it may be shewn that A ABC - ACDA. 

Cok. 1 . The straight lines which join the extremities of 
two equal and parallel straight lines towards the same parts, are 
equal and parallel. 

Let AB and CD (in the above fig.) be equal and parallel; 
then AD and BC are equal and parallel. 

Join AC. Then in the two As BAC, DC A. 

AB - CD, AC is common and z BAC - Z DCA ; 

AD-BC, and z ACB-zCAD (Theor. 12), 
and /. AD [| BC (Theor. 5). 

Cor. 2. If one angle of a parallelogram is a right angle, all 
its angles are right angles. 

For z BAD+ Z ABC-2 rt. Zs (Theor. 6 ); 
if z BAD-art. z,then Z ABC also-art. z. 

And the other two Z« which are opposite and therefore 
equal* to these are also rt, Z s. 

Note. The rectangle contained by AB and BC, is shortly called the 
rectangle AB, BC, and is named by two letters placed at its opposite 
angles. 
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Cor. 3. If three or more parallel straight lines make equal 
intercepts on any straight line cutting them, then their intercepts 
on any other straight line that cuts them are also equal. 



Let A 3 , CD, KF be three parallel st. lines, 
and let their intercepts If, JK. on GH be equal; 
then their intercepts NO, OP on LM are also equal. 

Suppose BOQ | GH. Then IJOB and JKQO are parms., 
and .% OB=IJ -JK (by hypothesis) - OQ ; 
and L OBN - /*OQP, and /ONB-zOPQ (Theor. 5); 
from A* ONB and OPQ, ON - OP (Theor. 14). 

Cor. 4 . Parallel straight lines are everywhere equidistant. 
For if'perpendiculars are drawn upon one of them from any two 
points in the other, a parallelogram will be formed of which the 
two perpendiculars will be opposite sties, and so they will be 
equal. 
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VII. Areas of Parallelograms 
and Triangles. 

THEOREM 18. 

Parallelograms upon the same base and between the same paraU 
Ms are equal in area . 



Let parms. ABCD and EBCF be upon the same base BC, 
and between the same parallels BC, AF ; 
then pann. ABCD— parm. EBCF. 

For v ABCD and EBCF are parms., 

AB—DC, and BE—CF f Theor. 17); 
and V AB |! DC and BE}{ CF, 

/i ABE-“Z,DCF (Tbeor. 7, Cor.); 

/. A ABE--ADCF (Theor. 12). 

Now taking these equal as successively from the figure ABCF f 
the two remainders arc parm. ABCD and parm. EBCF; 
,\parm. ABCD—parm. EBCF (Axiom 3). 

Note 1. The two narnllelogranin ABCD and KBCF afe equal, not 
in every respect, but only in area. This proposition in the first instance 
oi the equality of two figure* in area only, ae distinguished from equality 
i« every respect. 

From the above proof it will V* neon that either of the two parallel¬ 
ograms can be cut into parts which taken together will exactly fill up 
the apace occupied by tne other. 

Note 2. If parallelograms on the same hose are of the same altitude, 
they are equal. For they may be placed on the same side of the base, and 
then they will be between the same parallels, because if the altitude*, that 
is, perpendiculars to the base from points in the opposite side, are drawn 
on the same aide of the baae, they being equal and parallel, the straight 
line joining their further extremities will be parallel to the base (Theor. 
17. Cor. 1). 


3 
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THEOREM 10. 

Parallelograms upon equal bases and between the same parallels 
arejqual in area. 



Let parms. ABCD and KFGH be upon equal bases BC and FG, 
and between the same parallels AH and BG ; 
then parin. ABCD-~~parm. EFGH. 

Join EB, CH. 

Then v BC ~FG=EH (Theor. 17) and BC J| EH, 

,\ BE II CH. (Theor. 17, Cor. 1) and EBCH is a parm. 

And parm. ABCD—parm EBCH (Theor. 18) 

—parm. EFGH (Theor. i8).‘ 

Ncdfe. If parallelograms on equal Iwiseu aw of the name altitude, they 
are equal. For, as pointed out in Note 2 to the preceding theorem, they 
may be plaited between tli« sumo parallels. 
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THEOREM 20. 

I. Triangles upon the same base and between the same parotitis 
are equal in area. 

II. Conversely , equal triangles upon the same* base are between 
the same parallels. 



I. Let £s ABC, DBC he upon the same base BC, 
and between the same parallels AD and BC ; 

' then A ABC=aDBC. 

Suppose BE 1 ! AC, and CF |{ BD, and complete the 
parms. EBCA, FCBD. 

Then V parm. EBCA—parm. FCBD (Theor. 18), 

’ and A ABC- -i parm. EBCA, 
andADBC=-^ parm. FCBD (Theor. 17), 

A ABC«=r a DBC (Axiom 7). 

II. Let As ABC and DBC be equal, 

then AD |1 BC. 

For if not. suppose DG |{ BC. 

Thfen A GBC= ADBC=A ABC, which is absurd, (Axiom 8) ; 

AD 1 | BC. 

Cor. 1. From this and Theorem 17, it is clear that if a 
parallelogram and a triangle are upon the same base and between 
the same parallels, the triangle is half of the parallelogram. 

Cor. 2. From this and Theorem 19, it is clear that triangles 
upon equal bases and between the same parallels are equal 
in area. 

Noth I. The above proposition and it* converse will lie equally 
true, if for the word# “ between the same parallels ” the words “ of the 
same altitude 9 * are substituted. This will lie clear from Note 2 to 
Theorem IS, jt being Issue in mind that the altitude of a triangle is the 
perpendicular on the base from the opposite angle. 
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Note 2. Theorem!) IS to 20 help u« in expressing areas of parallel* 
ogramB and triangles nuniorieally. 

Any magnitude may be represented numerically by adopting some 
definite magnitude of the name kind as the unit, and ascertaining what 
number of times it contains the unit. The number thus ascertained will 
represent the magnitude measured, in this sense, that it will indicate 
what numl>er of times the magnitude in question contains tile unit adopt¬ 
ed, so that we may have an idea of the quantity of the magnitude, if not 
of its form, by multiplying the unit by the ascertained number. 

Thus in measuring lengths we may adopt an inch, or a tenth of an 
inch, or a foot, as our unit: and then any given length which contain* 
24 inches, or 240 tenths of an inch, or 2 feet, will be represented by 24 
inches, or 240 tenths of an inch, or 2 feet, so that we may have an idea 
of the quantify of the length by multiplying an inch by 2*4, or a tenth of 
an inch by 240, or a foot by 2, though these numl>ers will give us no idea 
as to the form of the line of which the length is measured, that is, as to 
whethor the line is straight or carved. 

In measuring areas, the area of some figure of definite shape and 
size should he adopted as the unit, aud any given area wdl he represented 
by the number which imlioates how often it contains the unit. For the 
sake of simplicity and convenience, the square on the unit of length adopted 
is taken as the unit of urea. That this is a simple unit to adopt is clear ; 
that its adoption leads to convenient results will be seen presently. 



Suppose ne huvr to measure the area of a rectangle A BCD which 
measures 2 inches and Jt inches along the sides AB and BC respectively, 
an inch being the linear unit chosen. Dividing AB aud BC into 2 and 3- 
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equal parte respectively, and drawing parallels through the pointa of 
division as in the figure, we have the reotangle divided into 2 rows of 
squares, each row containing 3 squares, whereof each ig a square on an 
inch ; so that there are altogether 3x2 square iuches in it. The side BO 
is usually called the base, and the side An, the altitude of the reotangle 
ABCD, so that the area of the reotangle contains a number of squares on 
the linear unit, or unite of area, equal to the product of the number of 
linear unite in the base and the number of linear unite in the altitude. 
And this is shortly stated by saying that— ^ 

The area of a rectangie u equal to the product of the In tee and the attu 
tude . 

As the area of any parallelogram on the same base, and between the 
same parallels, that is, having the same altitude, is, by Theorem 13, equal 
to the area of the rectangle, we may also say that, 

The area of a parallelogram »« equal to the product of it* boot and 
altitude. 

And ab the area of a triangle on the asms base, and between the same 
parallels, that is, of the same altitude, as a parallelogram, is half of that 
of the parallelogram, wo may say thdt. 

The area of a triangle i» equal to half the product qf its Itaee and its 
altitude. 

The samo thing is true if AB and BC involve fractions. Thus if 
AB' = 1,J inches, and JVC' =*2s inches, the rectangle will contain 2Jxl> 
square inches, that is, 

2x1 entire squares, in the first hori/x>ntal row 
-p2x \ portions of a square in the second ... 

-H XI portion ... ... third vertical row 

*HX* ... ... ... corner. 

Hence, generally, if AB and BC contain a and b linear unite, 
the area of the rectangle ABCD contains axb superficial units* 
each being a square on the linear unit ; 

or shortly if AB=« and BC 
rectangle ABCD^aXh, 

a very convenient formula, which the adoption of the square an the linear 
unit as the unit of area leads to* 

If a#*6, ABCD is a square—a* 

Nora 3. It will be easily seen from the above figure, that if the 
three parts into which AD' is divided are respectively equal to a, h and c, 
that is, if AD'=<*+’>+*» and 

(a +b+c)k tCJ ajt+M' + cjL 
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VIII. Relation between the Square on onk Side of a 
Triangle and those on the other two Sides. 

THEOREM 2!. 

In a right-angled triangle, the square on the side opposite to the 
right angle is equal to the sum of the squares on the other two sides. 



Let ABC he a right-angl&d A having the rt. L BAC ; 
then ?q. on llC=sq on AB + sq. on AC, 

Let BDEC, ABFG. and ACIIi he the sqs. on BO, AB. and AC. 

Join AD and CF, and suppose AJ ! ! BD or CE. 
Then V L BAC is a it. z and so is z BAG (Theor. 17. Cor.2) 
,\CA and AG are in the same st. line (Theor. 2), and CG |j BF. 
And\*ZCBD = z ABF (each being a right L\ 
adding ZL ABC to both, 

Z ABI)» z FBC : and BI)«BC and BA--BF ; 

. .\ AABI) -AFBC (Theor. 12). 

Now rectangle BJ is double of A ABD, 
and sq. BG is double of AFBC (Theor. 20, Cor. 1); 

,\sq. BG=^rect. BJ. 

Similarly sq. Cl=rect. CJ. 

And/.sq. on AB + sq. on AC«*rect. BJ + rect. CJ—sq. on BC. 

Note 1. This theorem is known as the Theorem of Pythagoras. 
But it was known to the Hindus in very early tiroes, as we gather from 
the S*ulva Sutras. See I)r. Thibaut's Paper in the Journal of the Asiatio 
Society of Bengal. Vol. 44 (1875) p. 227. 

The side opposite to the right angle is called the hypotenuse. 

Note 2. Using the notation in Note 2 to Theorem 20, 
\B«+AC«-BC* or if BC-«, Ca- 5 and AB*e, 

And if &3=r, a*«26 8 , or J 2x5. 

Hence the diagonal of a square = */2x the length of a side. 

Now >fi is iucommeneumbie , that is, it is incapable of being expressed 
exactly by any number, integral or fractional, though its value may be 
approximately expressed to any degree of accuracy we please, by carrying 
ou the operation of extracting the square root of 2 to more aud more 
places of decimals. 
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The value of */2 as found by calculation is 1*414218.If the 

side of a square ia 1 inch, and we calculate to 4 places of decimal*), the 
diagonal will be represented by 1*41 42 inches ; that is t if we regard^^th 
of an inch as the unit, the side will be represented by 10000 and the 
diagonal by 14142, and the difference between this last number and the 
true length of the diagonal is less then ic ^ ;i0 th of an inch. Again, if we 
calculate J 2 to 6 places of decimals, that is, regard vw&joTith of ati inch 
as the unit, the side and the diagonal will lie represented respectively 
by 10000U0 and 1414218, and the difference between this last numlwr and 
the true length of the diagonal is less than an inch. And in 

this way, any degree of accuracy can be secured by taking more and 
more places of decimals, that is, by adopting smaller and smaller units. 

Practically then, all magnitudes may be considered os commensurable, 
necessary accuracy in the case of incommensurable magnitudes l>eing 
secured by adopting as small a unit as may be required for the purpose. 

Note 8. Any side of a right-angled triangle may be determine 
numerically, if the other two sides are given, from the formula. 

a 'smb'+C*. 
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Another Proof of Theorem 21. 



Let ABC be a right angled A having the rt. Z A. 

Produce AB to D, and suppose BD—AC, and AE— AC. 

Then ED—AB. 

Let AOFE and EDGH be sqs. on AC and ED. 

Then KDGH =sq. on AB. 

Produce FH to I, and suppose HI -“AC. Join Cl, IG, GB. 
Then As BDG, IHG, and CFI are congruent with 
ACAB (Theor. 12). 

And .% CB—BG—-IG - - Cl 

Also z IGH-—Z BGD, and z 1 GB- z DGH«a rt. Z. 

Again zCTG=zClF+ ZHIG- zCIF + z FCI 
*--5 a rt. Z < Theor. 8 ). 

Thus BCIG is a sq. on BC. 

And BCIG or sq. or BC-Fig. CBGHF+ A 1 HG + ACFI 

—Fig. CBGHF+ ABDG + ACAB 
-~sq. EDGH + sq- AEFC 
—sq. on AB + sq. on AC. 

Not*. 4. This method of proof shown how* the square on the hypot¬ 
enuse can be cut up into parts (namely, the three parte, figure CBGHF, 
triangle IHG and triangle GFI) which being re-arranged make up the 
squares on the other two sides placed in juxtaposition. 
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THEOREM 22. 


If the square on one suit- of a triangle is equal to the sum of 
the squares on the other two side the angle opposite to the first 
mentioned side is a right angle. 


A 

x \ 


Let API? be a A in which sq. on BC=$q. on AB + sq. on AC 

then z II AC is a rt. Z • 

Suppose AD X AC and = A R Join CD. 

Then sq. on DCsrsq. on AD + sq, on AC (Theor. ai) 
«sq. on AB + sq on AC (VAD=AB) 

=sq. on BC (by hypothesis) ; DC - BC. 

Thus in the two As ABC and ADC. 

AB - AD, AC is common, and BC - DC ; 

Z BAC - z DAC (Theor. 13) - a rt. Z • 

Note. This proposition in the converse of Theorem 21. 
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THEOREM 23 . 

The square on one si tie of n it tangle is equal to , or gr eater than 
or less than, the sum of the squares on the ether two sides , according 
as the angle contained ly flu sc two sides is a right angle, an obtuse 
angle or an aeutc angle, the e.xiess or dejeii being equal to twice the 
rectangle contained by either of these two sides and the straight line 
inter tepted between the foot of the perpendi, ular on it from the 
opposite angle and the angle ton tamed by these two sides. 


Fig. 2. 


Let ARC be a ^ : 

then sq. on BC - or > or < sq. on AB*f sq. on AC, 
according as / BAC is a it. /_ or an obtuse / or an acute L ; 
and in the last two cases, if BK X CA and CM X BA; 
sq. on BC-sq on BA-+sq. on CA 
+ or—twice the rectangle contained bv BA, AM, or by CA, AK. 
The first case has already been proved in Theorem 21. 

In the other two cases, it mav be proved as in Theorem 21, 
that A ABD-A FBC ; 

,\iectangle BJ=^rectangle BN=sq on BA + or—rectangle MG. 

Similarly, 

rectangle CJ^rectanglc CL—sq. on CA +or—rectangle KI ; 

adding equals to equals, 
rectangle BJ + rectangle CJ or sq. on BC 
e=-sq. on BA+sq. on CA ± rectangle MG±rectangle KI. 
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Now aBAG= /iCAl (for each is a jrt. i ) ; 
adding aGAI in Fig. i or ABAC in Fig. a to each, 

A BA 1 = A GAC ; and BA-GA, Al=AC: 
ABAI-AGAC (Theor. 12); 

and rectangle KI — rectangle MG (being doubles of the equal As); 
,\sq. on BC*»sq. on AB + mj. on AC±twice the rectangle MG 

or±.twice the rectangle KI 

=*sq. on AB + sq. on AC * 

±twice the rectangle contained by BA, AM 
or±twice the rectangle contained by CA, AK. 

Note 1 , The projection of one straight lino on another is that por 
tn»n of the latter which in intercepted between the teet of the pei-|K*iulic- 
ulurs on it from the extremities of the former. 



Thu« MX in th<* annexed Figure in the projection of AB on XY , 

In the nliovo Fit;mes 1 nnri 2, 

AM in the projection of Ad cm AH, 
and AK ia the projection of AB on AC, 
for the foot of the perpendicular from A on AB or AC is A. 

By using the term prop.7 iom a* leflried above, we qmy 'shorten the 
enunciation of Theorem 22 thus ;— 

The square on one side of a triangle ia greater than, equal to, or leas 
than the sum of the squares on the other two sides, according as the angle 
contained by these two eides is obtuse, right, or acute, the excess or detect 
being equal to twice tho rectangle contained by either of these sides and 
the projection on it of the other. 

Note 2. This Theorem may be deduced from Theorem 21 with the 
help of Theorem 24 thus :—, 

BC S -BM* + CM a (Theor. 21) 

- (BAd=AM) J + CM* 

= BA a ±2 BA. AM »■ AM* + CM* (Tbcor. 24, 

Notes 1 and 2) 

-BA*+AC*dbiBA. AM (Theor. 2t). 
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IX. Areas of Rectangles and Squares. 

THEOREM 24. 

1 / a straight line is divided into any two parts , the square on the 
whole line is equal to the sum of the squares on the two parts % together 
with twice the rectangle contained by the two parts. 



Let the st. line AB be divided into any two parts, AC, CB ; 
then sq. on AB —sq. on AC + sq. on CB +twice rect. AC, CB. 
Suppose AHIB, ADEC, CFGB to be the squares on AB, AC, CB. 

Produce CE to meet Hi in J. 

ThenVAH= AB, and AD=AC. DH^=CB. And DE-AC. 
Hence rect. DJ which is contained by DE, DH - rect. AC, CB. 

Again.*. Bl» AB, and BG»BC, .*.GI —AC ; and GF — CB. 
Hence rect. GJ which is contained by GI, GF = rect. AC, CB. 

Now AHIB- ADEC + CFGB+DJ + GJ ; 

,*.sq. on AB=sq. on AC + sq. on CB+twice rect. AC, CB. 

Cor. i. If AC«CB, sq. on AB — 4 times sq. on AC. 

Cor. 2. If there are two straight lines one of which is divided 
into’any two or more parts, the rectangle contained by the two 
lines is equal to the sum of the rectangles contained by the 
undivided line and the several parts of the divided line. 

For rect. AH, AC=rect. AD, AC+rect. HD, AC. 

Note 1. If AC—a, and BC--6, then AB^a-f b ; and adopting the 
notation explained in Note 2 to Theorem 20, we hare, 

<*+&)• 9 +2a&+& 9 , 

which is the algebraical statement of Theorem 24. 

Note 2. If AB=a, and BC=J>, then AC—a—h; AI=a*» 
KI«*CG==6\ AE—(* —6)* ; CI^=DI=oh ; 

and AE—AI-1)1 —CK = AI —1)1 - CI + EI—AI +El—2CI, 
or (a— b)*~ a* -5W>*H» 9 . 

Note 3. If AC=a, and BC—6, then*.*AI«AJ+CI and AJaeAE + DJ 
.•.(a+6)*—uK® + ^)+^ l«+&) ®nd a (a+b)mma*+ab. 
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THEOREM 26. 

If a straight line is bisected\ and also cut unequally internally % the 
difference between the squares on half the line and on tht line between 
the points of section^ is equal to the rectangle contained by the unequal 
segments. 



Let the st. line AB be bisected in C and cut unequally in D ; 
then sq. on CB—sq. on CD=rect. AD, DB. 

Suppose CEFB and CGHD to be the squares on CBJand CD. 

Produce DH to meet EF in I. 

Then V BF=BC=AC\ 
rect DF=rect. AC, DB. 

Again V CE=CB, and CG = CD, GE = DB ; and GH —CD; 

rec». Gl—rect. CD, DB. 

Hence rect. DF + rect. GI = rect. AC, DB + rect. CD, DB; 
and sq. on CB—sq on CDs*CF—CH=*DF + GI 

= rect. AC, DB + rect. CD, DB 
= rect. under (AC + CD) and DB 
= rect. under AD, DB 

Cor. Hence, if a straight line is divided into two parts, the 
rectangle contained by them is the greatest when they are equal. 

For rect. AC, CB = CB a = AD. DB + CD a >rect. AD, DB. 

Note 1. If AC = CB«*a, and CD«■&, then AD+ 6 and DBwtf—6, 
and a*fe* (a —5), 
which is the algebraical statement of Theorem 25. 

Note 2. When several magnitudes satisfy certain conditions, if there 
is one of them which is greater than all the rest, it is said to be a mn-ri - 
Trmm ; and if there is one of them which is less than all the rest, it is 
said to be a min imum . 

Thus the rectangle contained by the two parts of a given straight line 
is the maximum when the parts are equal. Again of all the straight lines 
which may be drawn from a given point to a given straight Tine, the 
perpendicular is the minimum (Theor. 10, Cor). 
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THEOREM 26. 

If a straight line is bisected, and produced to any point, that is, 
cut unequally externally , the difference behveen the squares on half 
the line and the line between the points of set tion, is equal to the rect¬ 
angle contained by the unequal farts . 



Let the st, line AB be bisected in C, 
and cut unequally externally in, that is produced to, D ; 
then sq. on CD—sq. on CB = rect. AD, DB. 

Suppose CEFB, CGHD to be the squares on CB, CD. 
Produce EF to meet DH in I. 

Then it may be shown as in Theorem 25, that 
rect. DF = rect. AC, DB, 
and rect. GI — rect. CD. DB ; 
so that rect. DF + rect. GI=rect. AC, DB + rect. CD, DB 

— rect. under (AC + CD) and DB 
*»rect. under AD, DB. 

And/.sq. on CD—sq. on CB-CH—CF-rect. DF + rect. GI 

=* rect. AD, DB. 

,Cor. The rectangle contained bv the sum and difference 
of any two straight lines is equal to the difference of their squares. 

Noth: 1. If ACaaCBwa, CI)=7>, then and DB=/*— a, and 

b* -a*ss(b a) (h — a) 

which is the algebraical statement of Theorem 26* 

Notk 2. When a straight line is pnxlnced to any point, that point- 
may lie regarded as a point of external section, the two segments of the 
line being the distances of its extremities from that point, and one of a 
these segments being thus greater than the whole line. 
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SECTION III. PROBLEMS. 

Introductory Remark. The few Problems that follow, 
are intended to help the student in drawing correct geometrical 
figur es, and to show how with the aid of Postulates i to 3, 
com plicated geometrical constructions can be effected. 

I. Construction of Triangles and Angles. 

PROBLEM I. 

To construct a triangle h wing its three sides equal to three given 
straight lincs y any two of which arc f jg-t/nr greater than the third. J j 



Let A, B, C be three st. lines any two of which are together 
greater than the third : 

it is required to construct a A having its sides respectively 
equal to A, B, C. 

Take any st. line DR; make DF equal to A; 
with centre D and radius B describe 0 HG ; 
and with centre F and radius C describe 0IG, 

Then the 0s must intersect. 

For they cannot be wholly without each other, 

V B 4- C> A or DF ; 
nor can either be wholly within the other, 

V A B>C and A + C> B, 

Let the 0s intersect in G. Join DG, FG. 

Then DFG is the A required. 

For DF=A, DG = B, and FG—C. 

Note. The condition that any two of the given straight lines 
together should be greater than the third, mast be satisfied in order that 
a triangle having it* Hides equal to them may be possible, because any 
two sides of a triangle are together greater than the third, a* is shewn in 
Theorem 11. And if this condition is not satisfied, the circles in the 
above figure will not intersect, and the construction of a triangle will not 
be possible. 
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PROBLEM 2. 

At a given point in a given straight line, to make an angle equal 
to a given angle.. 



Let it be required to make at A in st. line AB 
an i equal to i CDE, 

Take any pt C in IK': with centre I) and radius DC 
describe ®CF tuning DE in E. join CE; 
with ccntie A and radius DC describe ®FG cutting ABinF; 
with centre E and radius CE describe a Q cutting ® EG in G ; 

and join AG. GF\ 

Then L FAG is the ^ required. 

For AF« 1 >(\ AG-AF=D('-rDE. and FG-CE; 

.\ L FAG - ZCDE (Theor. 13). 

Cor. Hence we can construct a triangle with any given 
parts which determine it. 

i. When the given parts are the three sides, the construc¬ 
tion is made by Problem 1. 

ii. *When the given parts are two sides 

and the contained angle, the construction ■■■■■■ 
be thus 

At A in the given side AB make z 
equal to given £E (Problem 2); make 

equal to given side CD ; and join BF. IHHHHHBB 
Then ABF is the A required. 
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iii. When the given parts are two angles and a side, the 
construction may be effected thus :— 

Let CAD, EBF be the given z s, and GH 
the given side adjacent to the given angles) 
or opposite to one of them. 

First suppose GH to be adjacent to 
the given z s. 

At G and H in GH make Z.s HGK 

and GHK equal to the given £s. 

Then GHK is the A required. 

Next suppose the given side to be KG opposite to one of 
the given z,s, ElSF. 

Then the third zi to which KG must be adjacent, may be 
easily found by making at A in CA the L CAI equal to 
Z.EBF and producing DA to J. For Z. 1 AJ must be the third /_, 
V the three /.s**2rt. z s. Thus the two /s to which KG is 
adjacent being known, the A can be made as in the preceding 
case. 



iv. When the given parts are two sides and the angle 
opposite to one of them, the construction may be made thus:— 
Let AH, CD be the given sides and z E the angle opposite to CD. 



At A in BA make z BAG equal to z E : 
with centre B and radius CD describe 0FG 
cutting AG if possible in F and G ; and join BF, BG. 
Then ABF or ABG is the A required. 

There will be two As, or one only, or none, according as 
CD>=or <the perpendicular from B on AG, supposing 
CD<AB, and Z.E is acute. 

When z E=or>a rt. z , CD must be greater than AB, and 
there will be only one A* 


4 
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ii. Bisection ok Angles and Straight Lines. 

PROBLEM 3. 

To bunt a given angle. 


A 


b < 
i: 

D 


Let BAC 1>2 the given z : it is lequired to Bisect it. 

With centre A and radius AB (B being any pt. in AB) 
describe 0BC ; with centre B and radius BC describe ($CD; 
with centre C and radius CB describe 0BD ; and 
join AD, BI) and CD Then AD bisects z BAC. 

For AB™ AC, AD is common, arid BD- BC- -CD. 
in the aA^ ABD and ACD : z BAD CAD (Theor. 13). 

Note 1. Hence any angle may be divided into 4, K, JG, etc. equal 
parts. 

Note 2. If trom any pt. 1> m AD. DK, DF he drawn J.AB. AC 
then from the two A* AK1>, AFD. DF,-=DF iTheor U). ? 

Thus eveiy pt, in AD i« equidistant from All ami AC. 

When every point in a given line, straight or curved, aatistie* viwtnm 
given conditions, the line is »aid to l*o the locus ot the point satisfying 
those eonditiouK. ‘ ' 6 

Cor. The locus of the point equidistant from two intersect¬ 
ing straight lines is the pair of bisectors of the angles between 
those lines. 



SEC. III.] 


PROBLEMS. 


5 1 


PROBLEM 4. 

To bisect a given straight line. 



Let it be icquired to bisect st. line AB. 

With centre A ami radius A B describe, 0 <TJil> 
with centre B and radius BA describe O CAD; 
and join CD cutting AB in E. 

Then AB is bisected in E 
For join CA. CB, DA. DB. 

A hen in As ACD and BCD, 

AC=-AB = BO. CD is common, and AD.-AB=BD, 

Z ACD- Z BCD i I'hcor 13). 

Again in A'* ACE and BCE. 

A(’=BC CE 1.-. common, and z ACE— Z BCE, 

AE---BE (’I'hcor. 12C 

Note. Uerjci- a straight line: may \ h : dmihd into 4, \ 16 etc. equal parts. 
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III. Drawing ok Parallels and Perpendiculars 
* to Straight Lines. 

PROBLEM 5. 

From a given point to draw a straight line parallel to a given 
straight line. 



r 


f 

A 


t. - - 

r' 


B 

0 

c 


Let it be required to diaw from A a st. line j| BC. 

In BC take any pt. D ; join AD ; and at A in DA 
make L DAE equal to ^ ADC (Prob. 2). 

Then AK JJ BC. I 

For. V 1 DAK — /_ ADC, AF.'i, BC (Theor. 5). 

Noth. In pnwtw^, parallels may be «■ >nviMin>ntly drawn with th«* 
help of set HipMivs, as shawn in the figure, whfn* FS1) ami F'S'A a-o tin 
two positions of the nut x<|utiin so that £ F AD FI)!". and AF' ‘ 1!C- 

Anothek Method. In this method, no reference is made 
to Problem 2. 



Let it be required to draw from A a st. line ft BC. 

In BC take any pi. D, and join AD. 

With centre D and radius DA describe a © cutting BC in E, 
with centre A and radius AD describe a ©DF ; and 
with centre D and radius^ AE describe a © cutting ®DF in F. 

Join AF. Then AF J| BC. 

For in the As ADE and DAF, 

DE*=DA=AF, AD is common, and AE=DF, 

,\ c ADE=Z.DAF (Theor: 13) • and ,\ AF J| BC (Theor. 5). 
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PROBLEM 6. 

To draw a straight lint perpendicular to a given jtmight line 
from a given point in or without it. 



r 


t 


A 

k.____ 

C ! - i 

.3 - 

!.) 

: h 


I. Lei it be required to draw a st. lineJLAB from the pt. C in it. 

Make CD equal to CA ; 

■)n AD describe the equilateral A AED (Prob. i) •, and join EC. 

Then EC X AB. 

For in the two As ACE and DCK, 

AC—DC, EC is common, and AE DE ; 

/_ ACE— L DCE (Theor. 13), 
and CE X AB (Dct. 10). 

II. Let i * be required to draw a st. lineX AB from the pt. C without it. 

Take any pt. D on the other side of AB; 
with centre C and radius CD describe the © EDF ; 
bisect EF in G fProb. 4); and join CO, 

Then CO X AB. 

For in the two As CGK, CGF, 

EG=»FG, CG is common, and CE CF ; 

L CGE-- L CGF (Theor. 13), 
and /. CG 1 AB. 

Cor. Everv point in CE (Fig. 1) is equidistant from A 
and D ; that is, in other words, the locus of the point equidistant 
from two given points is the perpendicular bisecting the straight 
line joining them. 

Cor. 2. Hence we can describe a square ’ 
on a given st. line AB thus :— 

Draw AC -L AB and=AB, and 
draw BD | AC, and CD 11 AB. 

Then evidently ACDB is the square required. 

Note. In practice, perpendicular* may l*e most conveniently drawn 
with the. help of a set square ; and this problem is intended more to show 
how in theory, without a set square, and with the aid of the ruler and 
the compasses only, a perpendicular may be drawn, than to furnish a 
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J »ractiral method of drawing & perpendicular. This is the reason why in the 
oregoing solution. Problems previously solved, namely Problems i and 4, 
are relied upon) instead of independent constructions Insing given. 

The same remarks apply to Problem <5. 

Another Method. In this method no reference is made 
to any previous Problem. 


* 1 F 


Z 

, : w: 

, 1 


C 

] . 

/■ . 1 


?■ 

if' f 


/ ! \ 

_ i . 

AO C 

. \. . 

E B 

.*' 

A E q 'fc B 

\ 0 ! ' ' 

\ \ ; / / 

' j / / / 

G 


T. Let it be required to draw a st. line > AB 
from the pt. C in it (Fig. i.) 

In AC take any pt. I), 

with centre 0 and radius Cl) describe a O cutting CB in E; 

with centre D and radius DK describe the O KF; 

with centre E and radius ED describe the0DF cutting0EF in F, 

and join CF. 

Then CF J. AIL 

For in the two As FCD and FCK. CD=»CE, 

CF is common, and DF=DE=»EF, 

•*. L FCD =* l_ FCF. (Theor. 13), and ,\ each is a rt. L • (Df. 10). 
II. Let it be required to draw a st. line J. AB 
from the pt. C without it. (Fig. 2.) 

Take any pt. D on the other side of AB; 
with centre C and radius CD describe the © EDF 
cutting AB in E and F ; 

and with centres K and F and radii EF and FE respectively, 
describe ©s cutting each,other in G ; and join CGcuttingAB in H. 

Then CH X AB. 

For in the two As CGK, CGF. CE-CF, 

CG is common, and GE=EF**GF, 


,\ zECG=£FCG. (Theor. 13.) 

And in the two As CHE, CHF. CE — CF, 

CH is common, and ^ECH=zFCH, 



ZlCHF, and each is a rt. i . 


(Theor. 11.) 


• • 
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IV. Division of a Straight I!ine 
into Equal Farts. 

PROBLEM 7. 

To divide a given straight line into anv number of equal parts 



Let AB be the given st. line; 
suppose it is requited to divide it into three equal parts. 

From A draw a st. line AK making any L with AB ; 
take in AF., any three equal parts AC. CD, DK; join EL*; 

and draw CK, DG !| KB. 

Then AB is divided into three equal parts in F and G. 

For v CF. DG and KB are parallels, and AO=CD=Dh y 
,\ AF~ FG = GB (Theor. 17, Cor. 3). 

Cor. 1. If a straight line is drawn through the middle point 
of one side of a triangle and parallel to the base, it bisects the 
other side. 

And conversely, if a straight line is drawn joining the middle 
points of two sides of a triangle, it is parallel to the base. 

The truth of the former part of this Corollary is evident 
from the preceding demonstration. 

To prove the latter part, let C and F be the middle points 
of AD, AG ; join CF. 

Then if FC be not parallel to GD, suppose FC' R GD. 
Then from what precedes, 

AC r =^ AD« AC, which is impossible unless C and C' coincide. 

Cor. 2. If H b^the middle pt. of GD, AFHC, GFCH, and 
DCFH are parms., and FC* | CD, FH=|DA, and HC«k AG. 
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V. Construction of Squares, Parallelograms, 
and Triangles, equal to other Figures. 

* PROBLEM 8. 

To divide a given straight line into two parts such that the 
rectangle contained by the whole line and one of the parts shall be 
equal to the squat e on the other part. 


r 

V* 

A . 

i 

r \ 

. y—' 

' D 


Let AB be the given $t. line ; 

it is required to divide it into two parts such that the rect¬ 
angle contained by the whole line and one of the parts shall be 
equal to the square on the other part. 

On AB describe the sq. ACDB (Prob. 6 Cor. 2); 
bisect AC in E (Prob. 4 ) ; join BE ; make EF equal to EB ; 
from F draw FG -L AF and equal to AF; 
and through G draw GHI {| AF. 

Then H is the pt. of section required. 

For v CA is bisected in E and produced to F, 

,\rect. CF, FA + sq. on AE = sq. on EF (Theor. 2h) = sq. on EB 

=»sq on AB +sq. on AE (Theor. 21); 
or taking away sq. on AE from both sides, 
rect. CF, FA or FCIG - sq. on AB that is ACDB; 

and taking away the common part ACIH, 

AHGF, that is. sq. on AH---HIDB«rect. BD, BH, 

= rect. AB, BH, 

Note. A straight line thus dix id<*d is said to Imj divided medially. 

Al$kkraical Solution. This Problem may be algebraically 
solved thus:— 

Let AB«a, and one of the parts***. 

Then a(a - or .e a +tf.v-a a = 0 ; A -v» ~ * 


^ 5 . 


(taking only the upper sign). 
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A compiTison of this with the Geometrical solution is instructive. 

a % 

From the Figure we have EB* = AB a *F AE* =«* + ~ « ~ * 

.‘.EB-^a-EF; and/.AF ur AII-EF-EA- 

2 2 


PROBLEM 9. 


To construct a pamUelogmin equal to a given triangle ami 
having an angle equal to a given angle. 



Let ABC be the given A and ZL D the given ZL ; 
it is required to construe* a pirm. equal to A ABC, 
and having an Z. equal to £. D. 

Bisect BC in E ; make / CEF equal to z D (Prob. 2) ; 
through A draw AG ; BC and cutting EF in F ; 
and through C draw CG||EF and meeting AG in G (Prob. 5). 
Then CEFG is the parm. required. 

For v BE=EC, /. AABE=AACE (Theor. 20, Cor. 3), 
and ^ ABC is double of A ACE. 

But parm. CEFG is double of A ACE (Theor. 20, Cor. 1); 
.*. parm. CEFG- A ABC ; and its 1 CEF--- z D. 
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PROBLEM 10. 

To construct v triangle equal to a (riven rectilineal figure. 



Let ABCDFF be the given rectilmeal figure ; 
it is required to construct a A equal to it, and having 
A for its vertex ami CD pioduced for its base. 

Divide the given figure into As bv drawing | s from A. 

Draw BG fi AC. FH II AK, HI t AD, 

meeting DC. DK. CD produced in G II. I ; 
and join AG. AH, AI. 

Then AGI is the A required 
For V ItG |1 AC, A ABC —A AGO. 

Again V FH || AK, A aFE** A AHE ; 

and V HI II AD, A A HD 5 * A AID. 
HenceAAGl«*AAGC + AACD+AAlD 

-aabc +aacd + aahd 

•==AABC + AACD-f AADE+AAHE 
= AABG +AACD+AADE+aAFE=ABCDEF. 
Cor. With the help of this and Problem 9, we can make 
anclangle equal to a given rectilineal figure. 
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PROBLEM It. 

4 

To describe a square equal to a given rectilineal figure? 




/ 

r ' £ ' 

0 

L 


Let R be the given rectilineal figure ; 
it is required to describe a square equal to R. 

Make rectangle ABCD equal to figure R (Prob. to. Cor.). 
Produce AH making BK equal to BO ; bisect AK in F ; 
with centre F and radius FA describe 0 AGE ; 
and produce CB to meet the 0 in G. 

Then $q. on BG--~ figure R, 

For V AE is bisected in F and cut unequally in It, 
rect. AB, BK-f sq. on FB —sq. on FE (Tbcor. 25), =sq. on FG 

— sq. on FB + sq. on B(J (Theor. at); 
and taking away sq. on FB from both sides, 
rect. AB, BE, that is, rect, AB, BC = sq. on ItG. 

Hence figure R = rect. AB, BC=*.sq. on BG. 

Cor. If from any point in the circumference of a circle, a 
perpendicular be drawn to a diameter, the square on the perpen¬ 
dicular is equal to the rectangle under the segments into which it 
divides the diameter. 

Note 1. If DC or and Ithen j,*mtab, or/>™ »/alr. 

Thns the number expressing IU i is equal to the square root of the product 
of the numlier* representing AB and [%(’. Hence we may find graphically 
the square root <»f a composite mimber by the billowing rough method :— 

Resolve the number into any two factor* ; measure with the help of 
a icale two lines AB, BE which are in the mine at might line arul which 
represent, respectively, the two factors ; on AE descriiie a semi circle ; 
and from Bdraw BG perpendicular in AK. Then the numerical measure 
of BG according to the same scale will l*e the square root required. 

Note 2. The solution of this problem (in a somewhat different way) 
xra« knoisn to the ancient Hindus. f$«*c Journal of the. Asiatic Society of 
Bengal, Vol. 44, p, 24o. 
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VI. Construction of an Isosceles Triangle 
with Hase Angles douule of the Vertical. 

i 

PROBLEM 12. 

Jo tiescribe an isos, eln triangle having ea Ji of the angles at the 
hase\iioublc of the thir i 



Take any st. line AB ; divide it in D so that 
AB. BD=AD* (Prob 8): bisect BD in E ; draw EC -L BD ; 
with centre D and radius DA describe a © cutting EC in C; 
and join CA, CB, CD. Then ABC is the A required. 

For AC # =»AI)* + CD* + 2 AD. DE (Theor. 23) 

= AD* > AD* ♦ AD. BD(vBD-jDE) 

= AD* + AB.AD = AB.BD+ AB.AD 
■ AB*; 

AC« AB, and a ABC is isosceles. 

Again ZBb^ BDC (V CEB and CED are congruent) 
* = f_ A + Z DC A (Theor. 8, Cor. 2) 

= 1 A+ 1 A (vDA»DCand .% zDCA— ZA), 
that is, ZlB is double of 1 A. 

Cor. Hence a right apgle may be divided into five equal 

parts 

For £A + / B + £ BCA.-_--5 x z A==*j rt. /.s, 

A==* of 2 rt. z s, and V Z.A-* of a rt. 



SECTION IV. EXERCISES. 


Introductory Remark- Exercises in Geometry are 
generally more difficult to work out than those in Algebra 
or Analytical Geometry, because in the geometrical method 
of solution there are no fixed rules of procedure such as we 
have in the algebraical r*r analytical method ; and facility in 
woiking out Geometrii l examples can be acquired only 
by practice. 

All that could be said by way of general direction would be 
to tell the student to assume that the deduction, if a theorem, is 
proved, or. if a problem, is solved ; then to examine the figure 
constructed, to see what known truths or properties, or what 
known lines or point 1 ', the assumption can, step by step, lead to ; 
and lastly, to retrace those steps, proceeding from known truths 
to those required to be proved, or from given things to those 
required to be constructed, so as to prove the theorem or solve 
th^ problem under consideration. 

To quote the words of Proctor in his “ First Steps in Geom¬ 
etry,’’ “ The average mathematical student requires to learn— 
not how to solve this or that problem, nor what construction 
well help him in any particular case ; but what are the general 
methods -vhich he must apply to problems in order to obtain 
solutions for himself. The mathematical teacher who simply 
solves the problems brought to him by his pupils, does little to 
show how such problems are to be treated, He should exhibit 
to his pupils the train of thought which leads him to apply such 

and such process to the solution of a problem.One 

problem thus dealt with is worth a dozen which are merely 
solved.” 

A few Exercises, which are either interesting or which 
involve important truths, are worked out here; and they are 
followed by a few more, to be worked out by the student. 
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Exercises Worked out. 

Exercise i. If from the mifMle point C and the extremity 
B of a straight line AB, tw i piralld straight lines are drawn 
such that CD-J BE, the points A, D, and E are collinear. 

For join AE, and suppose AE cuts CD 

in F. 

ThenAF —| AE (Prob. 7, Cor 1). 
and CF=j BE (Prob. 7, Cor. 2). 

But CD - J BE ; ,*. OF-CD, or F and D coincide. 

Ex. 2 . The three straight lines joining the middle points 
of the three sides of a uiangle with the opposite angles are 
concurrent. 

Let D and E be the middle pomts of AB 
AC; let CD, BE be drawn intersecting in G ; 
and let AG be joined and pioduml to meet 
BC in F : then if it i 1 * dunwi that IB’ is 
bisected in F, the proposition h proved. 

Draw HI I, CI-L -\F 
“.' Then v AD - B D. A * DC - A HI>C and A \\ >G - A BIX J, 
and ,\ taking equals Iroin equils, A‘WC AB *0. 

Similarly aBGA = ABGC. 

/. A BG A * A \GC , 

and as they are on the same base AG, their altitudes BH and 
Cl are equal (Theor. 20 . Note 1). 

Hence from A Q BFH and CFI, BF-CF Tiieor, 14). 

Notk. The lutos 01 >, UK, \F ure I'alltul the irt< ifi'iin of the triangle 
ARC, And the point U is railed its centroid. 

Ex. 3. The three straight lines bisecting 
the three sides of triangle at right angles 
are concurrent. 

Let D anU E be the middle points of AB. AC 
and DO. KO perpendiculars to them, and let 
OF be drawn J_ BC; then it it is shown 
■that BF=»CF, the proposition is proved. 

Now from as AOD. BOD, AO- BO 
fTheor. 12). Similarly AO=CO. 

Thus BO-CO, and BO*-CO* 

Again BF» + OF a «BO* (Theor. 21)-CO*-CF*+OF*; 
.\BF*-CF*, and.\BF»CF. 




Lj 

t 

A C. [ : 
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Ex. 4. The three straight lines bisecting the three angles 
of a triangle are concurrent. 

Let BO and CfO bisect Zs ABC and ACB; 
then AO shall bisect ZBAC. 

Draw OD, OE,OF-L BA, CA, BC respectively, 

Then from A« ODB and OFB, OD - OF. 

Similarly, OF - OK; 

/. OK - OD, and OK* - OD». 

Now OD* + AD* *■ AO a (Theor. 21) 

- OE* + AE» ; 

• AF* — AD* and AF - AD • 

and .*. from*As OAD, OAK, /OAD-zOAK (Theor. 13). 

Ex. 5. Hie three perpendiculars from the three angles of a 
triangle on the opposite sides are concurrent. 

Suppose AD, BE, CT-LBC, CA, Ali respectively : 
then AD, BE, CP are concunenl. 


Through A, B, C draw si. lines!! BJ, CA, 
AB forming the AO HI. 

Then A. B, C are the rni Idle pis. of 
111 . IG. GH (Prob 7- C >r. 2), 
and AD, BE, CF are the perpendicuUrs 
bisecting HI, IG. GH, and these per¬ 
pendiculars, as shewn in Ex. 3, are con¬ 
current. 



Note.' The po'ni. of intm-s-ielion of tlui p'Tpswb'MibuH on the wide 
Iroiu the opposite angles is culled the orfh'ircutre, of the u unglo. 

Ex. b. It the side BC of a right-angled triangle Having the 
right angle B is divided into a number of equal parts HD, DK, 
EF, FC, and AD. AE. AF are joined, the segments of the angle 
BAC become smaller and smaller the further hev are from AB. 


Produce one of the lines AE to G, making 
EG equal to AE, and join GD. 

Then from the A** AEF. GED, 

£. EAF - L EGD.andAF - GD(Thcor.i a). 
But VZADF 7 ZAFD. AF7 AD, 
and .*. GD 7 AD. 

Hence Z DAE 7 Z EGD7 ZEAF. 
Similarly it mav be shown that 
ZEAF 7 ZFAC. 


Note. If there lie a number of et|iiidititant Drop p>«'» at B,D,K,F,C» 
to an observer at A they will appear to be more and more flows, the 
further they are from B. The above proportion may help to explain thin. 
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Ex. 7. To find a point in a given straight 
line at which the straight lines drawn from two 
given points 0V1 the same side of the given 
line, make equal angles with it. 

From one of the given points C draw CE 
-LAB the given st. line; produce CE making 
EF equal to EC : join F with D the other given 
pt., FI) cutting AB in G. Then G is the pt. reqd. 

For join CG. Then from A* CKO and FEG, £ CGE« 
Z FOE (Theor. t2)- Z.DGM (Theor. 3). 

If II be any othei pt. m AM CH + DH -FH + DH 
>FI) (Theor. 11) ;>FG 4 DO 7 ( 7 ) 4- DG ; so that 
the point G is such that the sum of it? distances from C and D is 
a minimum. 



Ex. 8. Given tlw bast* of a triangle, one of the angles at 
the base, and the altitn-1- m an struct the triangle. 

Let AM be the given base. 


/_ C the given £ at the base, and | I) 

the given altitude 
At A in I1A make 1 MAE equal U>£ C; 
draw AFX AB and «* ( D: tlumigh F 
draw FGHAB. and min I’G 
Then ABG is evidently the Acquired. 



Notk. As the vniitited tnangh- i« to has© an angle at the baat* 
e<|ual to angle its volev hum •»** 111 AE : and as it i« to have its nlti 
ludo equal to at. line l>, il« \crt< \ also I*’ in F(J, Hence the 

vertex muat 1 >«* the mtern«eti«>n ot AM and H«. whirli are resjicctiveh 
th© loci of the vertex ot .» triangl** on the given Wsp having the given 
angle at the huso and the given altitude. 

Many pr«>bU'uia may la* »*obed by tin* abut© method of intersect* on 
of hwi. 


Ex. q. CJiven the base, the altitude, and one of the other 
two sides, to construct the triangle. 


As in the preceding exercise, draw 
• FGHAB. 

Then with centre A and radius equal to the 
given side E, describe a 0 the O of which 
is the locus of the vertex of a A having 
the given base and the given side. 



And the intersection of the st. line FG with the 0 gives the 
vertex of the A required. 
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Ex. 10. If BE and CE bisect Z« ABC and ACD, 
ZA. 

For i. E+ l EBC= Z ECD tTheor. 8, Cor. z) 

-I Z ACD 
— A ZA+£ L ABC 
= S ZA+Z.EBC; 

ZE-i ZA. 



Ex. ii. In any triangle ABC, if D 
BC, AB , + AC* = 2AD lt + 2BP a 
For draw AEj.BC. 

Then AB S - Al)» + BD* +iBD. DE, 
and AC*«A 1 >» fCD'-iCI). DE, 

(Theor. 23); 

and BD <* CD ; 

AB 8 + AC* - 2 AD 2 + aBD*. 


be the middle point of 



Ex. 12. If BC (see last Fig ) is bisected in D and cut 
unequally in E, BE 8 + EC 8 - 2BI)* 4 - 2DF.*. 

For BE* ♦ EC* = BC 8 -2 BE. EC (Theor zi) 

s = ss 4BD* — 2BE. EC (Theor. 24, Cor. i' 
=2BD* + 2BD 8 ~2BE. EC 
= 2BD» + 2DE*, 

VBD*~ be. KC + DK* (Theor 2 5 \ 

Ex. 13. The difference between the angles at the base of 
a triangle is equal 10 twice the angle between the straight line 
bisecting the vertical angle and the perpendicular from the 
vertex on the base. 


Let AD bisect Z BAC, and draw AEj.BC 


Then z C + z CAE ®a rt. Z *=* ^ B + Z BAE. 

zc— zb«zbae~zcae 
« z bad + z DAE—z cae 

— z CAD + z DAE- Z CAE 
= Z CAE 4- Z DAE 4 - Z DAE— ^ CAE 
=2 x zDAE. 



5 
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Kx. 14. Given the difference between the diagonal and the 
side of a square, to construct the square. 

Suppose ADEF the sq. required, 

AB being the given difference between 
ED and KA. 

Draw BCJLBA. 

Then \*DK = AD, 

/. A E - i rt. /_ ----- L ACB, 

V z A IK” is a it. /_; 

/. CB-AB. 

Again vF.D«=EB, .*. z EBD= z EDB ; 
and z EDA - a rt Z. “ Z EBC, ZCBD= z CDI3, 
and DC--CB —BA. 

Hence AD, a side of the square may be found thus: — 

Draw BCJLAB and equal to AB: join AC, and produce 
it making CD equal to CB. 

Nutk TIuh modf of regarding tin* e jii-d.r .lotion as ellet ted and 
then seeing what follows, will help the solution of prohlenis in most 
OftHOH. 



Ex. 15. Given the sum of the diagonal and the side of a 
square, to construct the square. 

Suppose AB the given sum, and ACDE the required sq. 

Then zBAC = $ of art. z, 
and ZL B= \ of a rt. Z. 

VDC=DB -, and 
/, ADC — Z B 1- Z DCB ixZB. 

Hence die solution of tne Problem will be 
as follows:— 

At A in BA make Z B AC equal to \ of a rt. Z, 
at B in AB make Z ABC equal to l of a rt. z , 
and draw CDX^A. 









SEC IV.] 


EXERCISES. 


67 


Exkbcisks to bk Worked out. 

(On Theorems 1—S.) 

1. The bisectors of the two adjacent a agios which one straight line 
makes with another are at right angles to each other. 

2. The bisectors ot each pair of opposite angles which two inter¬ 
secting straight lines make, are in the saine straight lint*. 

3. In the second Figure in Theorem I, if the angle AOC contains 00°, 
how nniuv degrees are tlwie in the angle liOC and how many in the angle 
COE ? 


((hi Theorems 1 — 7.) 

4. If a straight line falls on two intersecting straight lines the sum 
of the two interne angle-, it makes on either side of it, (lifters from two 
right angles b\ the angle between those two lines. 

o. It a straight Im*- tails on two parallel straight lines, the Lwo 
exterior angles on either side of it. are together equal to two right angles.' 

(j. If two straight lines an* respectively parallel to two others, and 
a straight line of the lit <t pair intersects one ot the second, the remaining 
two straight lines must also intersect.. 

(On Theorems 7— S.) 

7 . The difference between the angles which the bisector of t he 
vertical angle of a triangle makes with the base, is equal to the difference, 
between the angles at the base. 

8. The angle between the bisectors of the angles at the b- of a 
triangle exceeds the vertical angle by the semi-sum of the angles at 
the base. 

9. How many degrees are there in an angle of a regular polygon 
of 5 sides, and how many in an angle of a regular polygon of 6 sides f 

( On Theorems 1 — 11.) ’ 

10. Prove by the application of Theorems 8 and 0 only that the 
bisector of ’-he vertical angle of an isosceles triangle is perpendicular 
to the base. 

11. A straight line drawn parallel to the base of an isosceles triangle 
cuts oft an isosceles triangle. 

12. A straight line drawn parallel to any side of an equilateral 
triangle cats off an equilateral triangle. 

13. If from the ends of one side of a triangle two straight lines he 
drawn to any point within the triangle, their sum shall be less than the 
sum of the other two sides, hut they shall contain a greater angle than 
that contained by those sides. 

14. If two polygons having no re-entrant angle are on the same side 
of the same base, the perimeter of the outer polygon is greater than that 
of the inner. 
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(On Theorem 1 1—15). 

15. The bisector of the vertical angle of an isoeoeles triangle dividea 
it into two triangles which are equal in every respect. „ 

16. If two straight lines bisect each other, the straight lines joining 
their extremities form a parallelogram. 

17. The bisector of the vertical angle of any triangle divides the 
base into two parts whereof the one adjacent to the shorter side is less 
than the other. " 

18. If from the vertex of a triangle three straight lines be drawn 
to the base, one perpendicular to the base, the second bisecting the 
vertioal angle, and the third bisecting the base, they are in order of 
magnitude, the perpendicular being the shortest. 

19. If the bisector of the vertical angle of a triangle is perpendic¬ 
ular to the base, the triangle is isosoelea. 

20. If the bisector of the vertical angle of a triangle also bisects 
the base, the triangle is isosceles. 

( On Theorems 1 — 17-) 

21. The diagonals of a rectangle are equal. 

22. If the diagonals of a parallelogram are equal, it is a rectangle. 

(Cn Theorems 1 — 20.) 

23. Equal parallelograms on the same side of the same base are 
between the same parallels. 

24. Equal parallelograms on the same base are of the same altitude. 

25. If through any point in a diagonal of a parallelogram straight 
lines are drawn parallel to its sides, the parallelogram will be divided 
into four parallelograms whereof the two that are not about the diagonal 
are always equal. 

26. The base of a parallelogram is 36 inches, and it contains 9 
square feet. Find its altitude. 

f On Theorems 1—23.) 

27. The square on the base of an isosceles triangle is equal to twice 
the reotangle contained by either side and the projection of the base 
on it. 

28. If the length of a Bide of an equilateral triangle is 20 feet, find 
the lebgth erf the perpendicular on it from the opposite angle. 

‘ (On Theorems 1—26.) 

29. In a right-angled triangle, the square on any of the sides con¬ 
taining the right angle is equal to the rectangle contained by the sum 
and difference of the hypotenuse and the other side. 

36. The reotangle contained by any two straight lines is equal to 
the difference of the squares of their semi-sum and semi-difference. 
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Miscellaneous Exercises. 

1. If a straight line is bisected and also out uneoually, the line 
between the points of section is equal to half the difference between the 
unequal segments. 

2. If an angle is bisected by one straight line and also divided 
unequally by another, the difference betweon the two unequal parts is 
equal to twice the angle between the two dividing lines. 

3. In a right-angled isos coles triangle, each of the angles at the 
base is half a right angle. 

4. The perpendicular drawn to the base of a right-angled isosceles 
triangle from the opposite angle divides it into two equal right-angled 
isosceles triangles. 

5. Trisect a right angle. 

6. The diagonals of a square are equal, and bisect each other at 
right angles. 

7. The diagonals of u rhombus biseot. each other at rivlit angles. 

8. Of all the straight lines that can be drawn to a given straight 
line from a given point with' ut it, the perpendicular is the least, and 
of all others, one near the perpendicular is always less than one more 
remote. 

9. In an isosceles triangle, the bisector of +he vertical 'angle bisects 
the base at right angles ; ana the perpendicular from the vertex on the 
base biseots both the base and the vertical angle. 

10. If two isosceles triangles stand upon the same base, the straight 
line joining then vrrtioes bisects the base and also the vertical angles. 

11. A quadrilateral with two parallel sides is equal in area to a 
parallelogram between the same parallels and standing on a nose equal 
to thu semi-sum of its p&iallel sides. 

12. The difference between the squares on any two sides of a 

triangle is equal to the difference between the squares on the segments 
of tho third side made by the perpendicular on it from the opposite 
angle. * 

13. The sum of the squares on the sides of any parallelogram is equal 
to the sum of the squares on its diagonals. 

14. Tho sum of the squares on the sides of any quadrilateral is equal 
to the sum of the squares on its diagonals, together with four times the 
squares on the line joining the middle points of the diagonals. 

15. 1 f a straight line is cut medially, and from the greater part a 
part is cut off equal to the less, the greater part is cut medially. 

16. Of all rectangles having the same perimeter, the square has the 
maximum area. 

17. Of all rectangles having the same area, the square has the 
minimum perimeter. 

18. Of all triangles on the same base and having the same area, the 
isosceles triangle has the minimum perimeter. 
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19. Find the Iocuh of the point the difference between the squares 
on whose distances from two given points is equal to the square on a 
given straight line. 

20 Find the locus of the point equidistant from two parallel 
straight lines. 

21. Find the locus of the point from which if a perpendicular is 
drawn to a given straight line, tho square on the perpendicular is equal 
to the rectangle contained by tho segments into which that perpendicular 
divides the straight line. 

22. Shew hy drawing a correct figure that the triangle whose sides 
are ,*1,4 and 5 inches respectively, is a right-angled triangle. 

23. Shew how to trisect tne vertical angle of an isosceles triangle 
each of whose angles at the base is double of the third angle. 

24. Tf two Hides ot a triangle are 6 and 2 \ inches respectively, and 
they contain a right angle, find the third side and verify your answer by 
actual measurement. 

25. If in the figure in Theorem 21, DF, til and HE be joined, the 
surn of the squares of the sides of tho hexagon thus formed, shall be equal 
to eight t imes the square on the hypotenuse. 

20. Each of the medians of a triangle is dn ided at the point of their 
nterscctioii into two parts one of which is double of the other. 

27- In any triangle, the sum of the medians is less than the peri¬ 
meter. 

2S. If from any point within an equilateral triangle perpendiculars 
be drawn to the three sides, their sum is equal to one ot the medians. 

29. Any rectangle is equal to half the rectangle contained by the 
diagonals of the squares on its adjacent sides. 

30. Divide the hypotenuse of a right angled triangle into two parts 
such llist the difference between the squares on them shall be equal to the 
square on one of the sides. 

31. If the sides of a triangle contain linear units equal in number 
respectively to the sum of tho squares, the difference of the squares, and 
twice the product of any two positive numbers, shew' that the triangle is 
right-angled. 

32. If the medians of a triangle. ABC interest in 0, shew' that 
AB*+BC'+CA a =3 (OA 8 +OB a +OC 2 ). 

33. If a bamboo measuring 32 cubits and standing upon levol ground 
be broken in one place by the force of the wind, and the tip of it meet- the 
ground at 16 cubits, say at how many cubits from the root it is broken. 
(Lilavati § 148). 

34. A snake's hole is at the foot of a pillar 9 cubits high, and a peacock 
is perched on its summit. Seeing a snake at a distance of thrice the pillar 
gliding towards his hole, he pounces obliquely upon him. Say at how many 
cubits from the snake's hole they meet, both proceeding an equal distance. 
(Lilavati § 150). 
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HOOK II. 

CIRCLES. 

SECTION 1. DEFINITIONS. 

1. A chord of a circle is a straight line joining two points 
in its circumference. 

2. A chord produced is called a sec&nt 

3. When a secant moves so that the two points 
of its intersection with the circle continually approach 
and ultimately coincide, the secant in its ultimate posi¬ 
tion is called a tangent to the circle, and the point at 
which it meets the circle is called a point of contact. 

Or, a tangent to a circle is a straight line winch meets it, 
and being produced, does not cut it. 

4 When one of two intersecting circles moves so that the 
points of intersection continually appioach and ultimately 
coincide, the two circle* m their ultimate position are said to 
tOUCh each other. 



Or, circles are said to touch one another 
when they meet hut do not cut one another. 


5. A segment of a circle is the figure hounded >y a chord 
and one of the two arcs into which it divides the circumference ; 
and the other arc is called the conjugate arc 

6. An angle in a segment is an angle contained by two 
straight lines drawn from any point in the arc tp the extremities 
of its chord ; and it is said to stand on the conjugate arc. 

7 A sector of a circle is the figure contained by two 
radii and the portion of the circumference between them. 

8. A rectilineal figure is said to be inscribed in a circle, 
or the circle is said to be circumscribed about it, when the 
angular points of the figure are on the circumference of the 
circle. 

9. A rectilineal figure is said to be circumscribed about 
a circle, or the circle is said to be inscribed in it, when the sides 
of the figure touch the circle. 

Note. In this Book as in Book I, the points, lines, angles, and 
figures, referred to iu any proposition, are supposed to lie in one plane, 
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SECTION II. THEOREMS. 

I. Chords and Concyclic Points. 

HTEOREM I. 

I. A straight line draum from the centre of a circle to bisect a 
chord not passing through the centre, is perpendicular to the chord. 

II. Conversely , the perpendicular from the centre to a chord 
bisects it. 



I. Let OC be drawn from the centre O to bisect in C 

the chord AB not passing through O ■, 
then OCJLAB. 

Join OA, OB. 

Then in the 2 As OCA, OCB, 

AC=BC, OC is common, and OA=OB, 
z OCA= z OCB (Bk. I. Theor. i3)==a rt. z . 

II. Suppose OCJ-AB; 

then AC=BC. 

For C 0 9 +AC 2 =A 0 2 (I. Theor. 2i)=BO»=CO a +BC 2 ; 

AC*=BC a , and .\AC=BC. ' 

Cor. 1. A circle has only one centre which lies in the 
perpendicular bisecting a chord, and is the middle point of the 
perpendicular, or is the point of intersection of the perpendiculars 
bisecting two chords which meet. 

For if possible, let O and D be both centres of © AHB. 
Join OD and produce it to meet the © in E and F. 

Then OF=OE=JEF, and DF=DE=£EF 
or OF=DF, which is absurd. 

As the centre is equidistant from A and B, it lies in ICJ, 
the perpendicular bisecting AB; 
and it must evidently be the middle point O of IJ. 

Again as the centre lies in each of the perpendiculars bisecting 
AB and GH, it must be the intersection of these perpendiculars. 

Cor. 2. A diameter of a circle is the locus of the middle points 
of a system of parallel chords to each of which is perpendicular 
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THEOREM 2. 

I. Any number of circles can be described passing through two 
given points, 

II. Only one circle can be described passing through three given 
points not in the same straight line . 



I. Let A and B be two given pts.; 

then any number of ©$ can pass through A and B. 

For let CO be the perpendicular bisecting AB. 

Then V pts. O, O' etc. in CO are equidistant from A and B, 
0s described with centres O, O' etc. and radii OA, O' A etc. 
will pass through A and B. 

II. Let A, B, and C' be any three pts. not collinear ; 
then only one 0 can pass through A, B, C'. 

For let DO, EO, be the perpendiculars bisecting AC', BC' 
Then DO and EO must meet. 

as AC' and BC' are not parallel nor in the same St. line. 

Let them meet in O. . 

Then O is the centre of the O passing through A, is and C\ 

For, from as ODA, ODC\ OA -OC' (I, Theor. 12 ); 
and from As OEC', OEB, OC' - OB; 
a© with centre O and radius OA will passthrough A, B, C\ 
And no other 0 can pass through A, ( B, and C', 

V the st lines DO and EO 

in which the centre of a 0 through A, B, and C' must lie, 
can intersect only in one pt. (Axiom io). 

Cor. i. No circle can pass through three points in the 
same straight line; or in other words, a circle cannot cut a straight 
line in more points than two. 

For, if A, B, and C are pts. in a st. line, the perpendiculars 
DO, EO' will be parallel and will not meet, and no 0 can be 
described passing through A, B, and C. 

Cor. 2. Though any number of circles can have two 
common points, no two circles can have more common points 
than two; or, in other words, one circle cannot cut another in 
more points than two. 
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For if possible, let ©s ABCD, ABCE 
intersect in A, B, and C. 

Then A, B, and C are not in a st. line 
as shewn above; and Lhe centres of the ©s 
is O, the intersection of the perpendiculars 
bisecting AB, BC. 

Draw OA, ODE. Then OA=»OD=OE, which is absurd. 

THEOREM 3. 



I. Jf four points are so situated that a circle may be described 
fussing through them, then the opposite angles of the quadrilateral 
formed by joining them are supplementary. 

II. Conversely, if the opposite angles of a quadrilateral are 
supplementary, a circle may be described passing through its four 
angular points. 



I. Let the the 4 pts. A, B, C, D be such that 
a © may pass through them ; 
then Z.BAD+ z BCD = art. Z s= Z ABC + z ADC. 

Let O be the centre of the © ABCD ; 
join OA, OB, OC, OD. 

Then V OA = OB = OC = OD, 
.\Z 0 AB=Z 0 BA(I, Theor 9), and ZOAD=zODA; 
adding, zBAD*=Z OBA + z ODA. 

Similarly Z BCD = z. OBC+ zODC. 

Hence adding, ZBAD+ zBCD=> z ABC + zADC = 2rt. zs 

I, Theor. 8, Cor. 3). 

U. If z BAD + Z BCD - z ABC + Z ADC - 2rt. Z s, 
then a © may be described passing through A, B, C, and D. 

For let the perpendiculars bisecting AB, BC meet in O; 
then OA~OB = OC. join OD, and if possible, 
suppose OD>OA, and OE=OA. 

Then a © passes through A. B, C, E ; 
and Z ABC+z AEC = 2rt. Zs=zABO+ z ADC (Hyp.); 
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•\ Z. AEC~ z ADC. 

But z AEO>ZADO, and zCEO>zCDO(i, Theor. 8,Cor.2), 

Z AEC> L ADC. 

Thus Z AEC= Z. ADC and > z ADC, which is absurd; 
OD cannot be greater than OA. 

Similarly it may be shown that OD is not less than OA. 
Hence OD=OA, and the 0 through A, B, C, passes through D, 

Notk. I. Thu cases in whioh 0 falls outside *and on a side of 
ABCD are left as exercises for the student. 

Note. 2. Four points lie in the oiroumferonoo of a circle, that is, 
are concyclic, only Avhen the opposite angles of the quadrilateral formed 
by joining them are supplementary. 

Cor. i. The angular points of any regular , that is, equilat¬ 
eral and Equiangular polygon are concyclic. 



Take for instance a regular pentagon ABODE. 

Bisect Z.S EAB, ABC by AO, BO meeting in O. Join OC. 
Then z OAB—OBA, Vthey are halves of equals OB =OA 

Again, in the As OBC, OB A. BC=BA, BO is cor mon, 
and z OBC=Z.OBA,.\OC—-OA=OB ; 
and L OCBi= /. OBC= >Z ABC -\L BCD, 

or OC bisects z BCD. 

Similarly it may be shown that OD—OC and bisects z CDE. 

And so on. 

• Hence OA=OB=-OC=On=OE ; 

and a 0 with centre O and radius OA will circumscribe 

the polygon. 

Cor. 2 . If from O, OF, OG, OH &c. be drawn -L. the 
sides of the polygon, F, G, H &c. that is, the feet of the 
perpendiculars shall be concyclic. 

For it may be shown, as in Bk. I. Ex. 4. that OF=OG=OH 
»&c. Hence a © with centre O and radius OF will pass 
through F, G, H &c. It will also touch the side of the polygon 
(see II, Theor. 7) and will be inscribed in it. 




76 


ELEMENTARY GEOMETRY. 


[BOOK II. 


THEOREM 4. 

I. Equal Cfiords of a circle are equidistant from the centre • 

II. Conversely, chouls of a circle equidistant front the centre are 
equal. 



I. Let AB, CD be two equal chords of the © A BCD •, 
then they are equidistant from the centre O, that is, 

if OE, OF JL AB. CD, then OE=OF. 

Join OA, OC. 

Then AB and CD are bisected in E. and F (II, Theor. i), 
and AE=CF. Vthey are halves of the equal chords. 

Now OE a +AE*-=OA 3 =OC a =OF*+CF«, and AE* = CF*, 
.\OE*=OF*, and OE=OF. 

II. Let OE=OF ; 

then AB=CD. 

For OE* +AE*=OA a =OC a =OF a + CF*, and OE*=OF*, 
,%AE* = CF 2 , and.\AE=CF, 
wut AB=a AE, and CD =2 CF (II, Theor. i), 

AB=CD. 

Cor. i. A chord nearer the centre is greater than one 
more remote. 

Suppose OIJ.GH and suppose OI<OE ; then GH>AB. 
For OI a + Gl*=OG*=OA*=OE* +AE* ; 
but OI®<OE*; .•.GI S >AE®, and ,*.GI> AE, 
or GH>AB. 

Cor. 2 . The diameter or the chord through the centre is 
greater than any other chord. 

Let JOK be a diameter and GH any other chord. Join OG.OH. 
Then JK=OJ + OK=OG+OH>GH (i, Theor. ii). 
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II Equal Angles and Chords in Equal Circles. 

THEOREM 5. 

In equal circles or in the same»circle % 

(i) if two arcs subtend equal angles at the centre they are equal , and 

(ii) conversely , if two arcs are equal , they subtend equal angles 
at the centre. 



(i) Let arcs ACB, A'C'B' subtend equal Zs AOB, A'O'B' 
at the centres O, O' of two equal 0 s ; 

then arc ACB=arc A'C'B'. 

Apply O ACB to © A'C'B' so that 
O may be on O' and OA on O'A' ; 
then A shall be on A’\*0A=-0'A' (the 0 s being j*qual), 
and OB shall be on O'B', v Z AOB- i A'O'B', 
and arc ACB shall be on arc A’C'B' V the two ©s are equal ; 
and .\ arc ACB=arc A'C'B' (Axiom 9 ). 

(ii) Let arcs ACB, A'C'B' be equal; 

then L AOB-Z A'O'B'. * 

Apply 0ACB to © A'C'B' so that 
O may be on O' and OA on O'A'; 
then A shall be on A' V OA - O'A' (the ©s being equal), 
and arc ACB shall be on arc A'O'B' 7 the 0 s are equal, 
and B shall be on B' V arc ACB—arc A'C'B', 
and OB shall be on O'B', V O and B fall on O' and B'; 

L AOB coincides with Z A'O'B', 
and /. 1 AOB- l A'O'B'. 

If the arcs and angles are in the same circle, in that case 
0 and O' being coincident, we shall have to apply sector AOB to 
sector A'O'B', so that OA may be on OA'; and the rest of the 
demonstration will be the same as above. 
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THEOREM 0. 

In equal circles or in the same cir< le, 

(i) if hoo chords are equals they cut off equal arcs and 
(n) conversely, if two arcs are equal, their chords are equal . 



f\) Let AB, A'B' be two equal chords of two equal ©s ; 
then arc ACB=arc A'C'B'. 

Let O, O' be the centres of the ©s; 
join OA, OB, O'A', O'B'. 

Then in the^s AOB, A'O'B',OA — 0 'A',OB= 0 'B',AB=A'B', 

AOB= L A'O'B' ( 1 , Theor. 13), 
and arc ACB=arc A'C'B' (II, Theor. 5). 

(ii) Let arc ACB=arc A'C'B', 

then chord AR=chord A'B'. 

For V arc ACB=arc A'C'B', 

/. t AOB - A'O'B' (II, Theor. 5 ). 

Now inAs AOB and A'O'B', 

0 A= 0 'A' f 0 B= 0 'B' (v the ©s are equal), 
and ^ AOB= Z A'O'B'. 

,\ AB=A'B' (I, Theor. 12 ). 

If the chords and arcs are of the same circle, evidently, the 
same demonstration will apply. 
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III Tangents and Touching Circles. 

THEOREM 7 . 

The tangent to a tircle at any point A perpendicular to the 
diameter through that point. 



Let PT be the tangent to the 0 NQP at P ; 
then PT X diameter NOP. 

Draw RQPR' a secant through P : join OQ ; 
and produce TP to T'. 

Then V OQ=OP, zOPQ=OQP; 
and zOPR'+ ZOPQ—2rt, Zs=zOQR + ZOQP ; 
l OPR — z OQR. 

Now if Q continually approaches, and ultimately coincides with, P, 
the secant ROPR' continually approaches, and ultimately coincides 
with, TP T\ and the Z.POQ vanishes, and the equal ZsOQR, 
OPR' become adjacent and coincide with /.a OPT, OPT'; 

Z OPT=ZOPT', and each of them is a rt. Z ■ 

Cor. The tangent TPT' meets the 0 at P but does not cut it. 

For take any other pt. F in PT and join OP'. 

Then V ZOPT is art, Z, /. zOPT> ZOP'P, 
and /. OP' > OP (I, Theor. to), or P' is outside the0. 

Note. The truth of this proposition may also be shewn thus : A 
diameter is the locus of the middle points of a system of parallel chords 
perpendicular to it {II, Theor. 1, Cor. 2) ; and as the chord moves further 
&ud further from the centre, that is, becomes smaller and smaller, 
(II Theor. 4. Cor, 1), its extremities approach nearer and nearer and 
ultimately when the extremities coincide, the chord produced becomes 
the tangent at the extremity of the diameter. 
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THEOREM 8. 

From atty point without a circle , two tangents can be drawn to 
it\ and they are equal , and subtend equal angles at its centre. 



Let A be a pt. without the 0 EBF; 
then two tangents can be drawn from A to the 0, 
and they shall be equal, and shall subtend equal Zs at O, 
the centre of the ©. 

Join OA ; with centre O and radius OA 
describe the © CAD; from B the pt. at which 
OA cuts the ©, draw CBDxOA cutting 0 CAD in C and D ; 
draw OC, OD cutting © EBF in E and F; and join AE, AF. 
Then v in the As OAE, OCB, 

OA—OC, OE=OB, and z AOC is common, 
EA=CB, and Z OEA = z OBC=a rt. Z 
And .% AE is a tangent to © EBF (II, Theor. 7). 

Similarly AF is a tangent to 0 EBF and=DB. 

And CB=DB < 11 , 1 heor. 1), 

,\ AE=AF. 

Again in the As OAE, OAF, 

OE=OF, OA is common, and AE=AF. 
z EOA=zFOA 
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THEOREM 9. 

If two circles touch , they can have only one point of contact , amt 
the straight line joining their centres passes through the point of 
contact 



Fig. i. Fig 2. 


Let the two ©s PA, PB whose centres are O, O' 
touch at P ; 

then they cannot touch at any otHer pt., 
and OO r passes through P. 

For V the 0s can cut only in two pts. (II, Theor. 2, Cor. a), 
and those two pts. coincide at P, (II, Def. 4 ), 
they cannot touch at any other pt. 

And V P is the pt. of ultimate coincidence of 
the two pts. of intersection of the ©s, 
they must have a common tangent PT at P, which is 
the ultimate position of the common secant of the 0s 
through their two approaching points of intersection; 
and OP, O'P must both be JL PT (II, Theor. 7). 
Hence Z.OPT=a rt z = z O'PT; 
and OP and O'P are either coincident as in Fig. 1, 
or in the same st. line ( 1 , Theor. 2) as in Fig. a. 

6 
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IV. Angles in Circles. 

THEOREM to. 

The angle at the centre of a circle is double of the angle at the 
circumference standing on the same arc. 



Let AOB ana ACB be Z s at the centre O and at the O 
of the O ACB, standing on the same arc AB; 
then Z AOB=2 x Z ACB. 

Join CO and produce it to D. 

Then Z AOD=Z ACO + ZOAC (i, Theor. 8, Cor. a) 

=2 x ZACO (VZOAC—Z ACO). 

Similarly zBOD=2 * ZBCO. 

Hence adding in Figs, i and 2 and subtracting in Fig. 3, 

Z AOB==2 x z ACB. 

Cor. i. Angles ACB and AC'B in the same segment ACC'B 
are equal. 

For each is half of the same Z AOB at the centre O. 

Cor. 2. Conversely, if ZACB=»ZAC'B, A, C, C' and B 
are concyclic. 

For if not, let the © passing through A, C, B cut AC' in E 
(not .shown in the figure*. Then if we join BE, 

Z AEB= Z ACB— z AC'B, 

which is impossible (I, Theor. 8, Cor. 2) unless E and C' coincide. 

Cor. 3 In equal circles or in the same circle, angles in 
equal segments are equal. 

For these Z s evidently stand on equal arcs, and the angles 
which these equal arcs subtend at the centres are equal (II, 
Theor. 5), 

Hence the Z s in the equal segments, which are halves of 
the equal Zs at the centres, are equal. 
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THEOREM fl. 

The angle in a semi-circle is a right angle ; the angle in a segment 
greater than a semi-circle is lest than a right angle ; and the angle 
i/i a segment less than a semi-circle is greater than a right angle. 



Let ACB he a semi 0 AOB being a diameter, 

BAC a segment greater than a semi 0. 
and BDC a segment less than a semi 0 ; 
then z ACB»art. Z» 

Z ABC<a rt. z , 
and Z BDC> a rt. z. 

Join C with O the centre of the 0 . 

Then 7 O A =» OB = OC, 

Z OCA =» z 0 AC, and z OCB^zOBC. 
and/, z OCA + z OCB, that is, Z ACB — OAC+ZOBC. 

But z ACB+ zOAC + ZOBC*» 2 rt. Zs (I, Theor. 8); 

.*. ZACB-* of 2 rt. Zs*a rt. Z•, 

And z BAC evidently <a rt. Z- 
Again V Z BDC + Z BAC =» 2 rt. z s. (II, Theor. 3), 
and Z BAC<a rt. Z» 

/. Z BDC>a rt. z 

Cor. If a straight line TBT' touches the 0ACDB, and a 
•chord BC is drawn from the point of contact, the angles it makes 
with the tangent are equal to the angles in the alternate segments 
of the circle. 

For ZCBT+Z ABC=a rt. Z (II. Theor. 7) 

* Z BACZ ABC, 

ZCBT= z BAC which is in the alternate segment. 
Again ZCBT+Z.CBT' -2 rt. Zs*l. Theor. 1) 

* Z BAC + Z BDC (II, Theor. 3), 
and ZCBT=ZBAC, 

:. z CBT' = / BDC which is in the alternate segment. 
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Note. The truth of the above Theorem may be arrived at otherwise 
thus:— 

The Z ABC= ’ Z AOB (II, Theor. 10)=?, of 2rt. £s=a rt. Z ; 
ZCABmiZCOB which is less than of 2rt. Zs or less than a rt. Z ; 

ZCDB«*i re-eutrant Z.C0B which is greater’than £• of 2rt, Zs or 

greater than a rt. 



SEC II] 


THEOREMS. 


8 S» 


V. Intersecting Chords and Secants. 
THEOREM 12. 

If two chords of a circle intersect either within or without the 
circle , the rectangle contained by the segments of the one is equal to the 
rectangle contained by the segments of the other. 



Let the chords AB, CD of the 0 ACB intersect in P; 
then AP. BP=CP. DP. 

From the centre O draw OE, OF-J-AB, CD; 
and join OP, OB, OD. 

Then AB and CD are bisected in E and F (II, Theor. t), 

and cut unequally in P ; 

.% AP. BP=difference of EB 2 and EP a (I, Theor. 25, 26) 

=diff. of EB 2 + OE 2 and EP a +OE a 

(v adding OE 9 to both does not alter the diff.) 
=dift. of OB* and OP* (I, Theor. 21) 

=diff. of OD* and OP* < ,\OB=OD) 

«diff. of OF* + FD* and OF 2 + FP* (Theor. 21) 

= diff. of FD 2 and FP 2 (taking OF 9 from both) 
=CP. DP (I, Theor. 25, 26). 

Cor. 1. If the chords intersect in P outside the circle, and 
a tangent PT is drawn to the circle from P, PT*=AP. BP. 

For PT*«OP 9 —OT* (I. Theor. 2i)=OE*+EP*—OB 9 
=OE* + EB 9 + AP. BP-OB 2 (J, Theor. 26) 

=OB 9 + AP. BP-OB* 

= AP. BP. 
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The same result may be arrived at otherwise thus :— 

The tangent PT is the limiting position of the secant PBA 
when the pts. A and B approach each other and coincide at T, 
and the segments of the chord become equal to PT; hence 
AP. BP«=TP. TP=TP a . 

Cor. *. Conversely, if AP. BP—TP 2 , PT is a tangent to 
the circle. 

For draw the tangent PT' and join OT\ 

Then PT' 9 =AP. BP=PT*; PT'=PT; 
and.-, in the As PIT), PT'O, OT=OT', PT=PT', and 
OP is common; 

/. ^ PTO— A PT'O—a rt. , and PT is a tangent. 
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VI. Polygons Inscribed in and Circumscribed 

about Circles. 

THEOREM 13. 

If the circumference of a circle be divided into any number of equal 
parts, and the consecutive points of division joined by straight lines, 
regular polygon of the corresponding number of sides will be inscribed 
in the circle . 



For, the polygon will evidently have , 
as may sides as there are divisions of the O- 
The polygon will be equilateral, 

•its sides being chords of equal arcs are equal (II. Theor. 6). 
The polygon will also be equiangular, 

V each of its fa is in a segment composed of 
two equal arcs, 

and all its z s are equal (II, Theor, io, Cor. 3). 
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THEOREM 14. 

]f the circumference of a circle be divided into any number of 
equal parts , and tangents to the circle drawn at the points of divis¬ 
ion , a regular polygon of the corresponding number of sides will be 
circumscribed about the circle. 


» 



The polygon will evidently have 
as many sides as there are divisions of the O* 

The polygon will be equilateral as well as equiangular. 
For join the centre O with 3 consecutive pts. of contact A, C, E, 
and with 2 intermediate angular pts. of the polygon, B, D. 

Then, remembering that tangents from the same pt. are equal, 
we have 4 As whereof the two, OAB.OCB, and the two, OCD,OED, 
are equal in all respects (I, Theor. 12), so that, 
their z s at B and D are each—2 of the corresponding z s of the 

polygon, 

and their As at O are each=£ of the z on one of the equal arcs. 
Again As OCB, OCD which have their z s at O and C equal, 
and their side OC common, are equal in all respects, 
and BC=DC, and A OBC= A ODC. 

Thus the successive sides of the polygon are doubles of 
pairs of equal tangents, 

and its successive angles are doubles of equal angles; 
that is, the polygon is both equilateral and equiangular. 
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SECTION III. PROBLEMS. 


I. Finding the Centre of a Circle. 


PROBLEM 1. 

To find the centre of a given circle or arc. 


o - ,; 

L 

d! 

A \/. * E 


Let ABC be the given 0 or arc ; * 
it is required to find its centre. 

Join AB, BC; bisect AB in D and BC in E : 
and draw DO, EO -L AB, BC, and meeting in q. 
Then 0 is the centre required. 

For the centre being equidistant from A and B, 
must be in DO (I, Prob. 6, Cor. i), 
and being equidistant from B and C, it must be in EO'; 
the centre is 0 the intersection of DO and EO. 
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II. Drawing Tangents to a Circle. 


PROBLEM 2. 

To draw a tangent to a given circle from a given point. • 



Let ABC be the given © and P the given pt.; 
it is required to draw a tangent to the 0 from P. 
Find O the centre of the 0 and join OP. 

If P is on the O draw PT 1 OP ; 
then PT is the tangent required (II, Theor. 7). • 

If P is outside the ©. bisect OP in D, 
with centre D and radius DO. descrihe 0 OTPT' 
cutting the given © in T and T' ; and join PT, PT'. 
Then PT and P T are the tangents required. 

For join OT, OI'. 

Then v OTP and Of'P are semi ©s. 

OTP and OT'P are rt. (II, Theor. 11), 
and.*. PT and PT' are tangents to 0 ABC (II, Theor. 7). 
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III. Construction of Segments of Circles 
with Given Conditions. 

PROBLEM 3. 

On a given straight line to describe a segment of a circle contain - 
in g an angle equal to a given angle . 


I E - x.J 

A v . ‘ / B 


Let it he required to describe on st. line AB 
a segment of a © containing an / equal to zC. 

At B in AB make c ABD equal to £ C ; 
bisect AB in E ; draw BF, EQ JL DB, AB, and meeting in O, 
and with centre O and radius OA describe 0 AFB. 

Then AFB is the segment required. 

For v O is the centre of © AFB, and OB X BD. 

BD is a tangent to © AFB. 

And V BD is a tangent and BA is drawn from B, 
ZDBA=Z in the alternate segment AFB (II, Theor. u, Cor). 

But L DBA - z C ; 

segment AFB contains an Z equal to ^ Cj 
and it is described on st. line AB. 

Note 1. To cut off from a given circle a segment containing a given 
- angle, we have only to draw a tangent BD, and at B in ED to make an 
/DBA equal to the given / ; and the segment cut off by BA shall be* 
the segment required. 

Note 2. The locus of the vertices of triangles on a given base and 
having a given vertical angle, is the segment of a circle on the given base 
containing an angle equal to the given vertical angle. 
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IV. Bisection ok an Arc. 


PROBLEM 4. 

To bisect a given arc. 



Let it be required to bisect the arc ACB. 

Join AB bisect AB in D ; draw DC -L AB and meeting the 

arc in C. 

Then the aic is bisected in C. 

For from As ADC, BDC, AC= BC (I, Theor. 12^ ; 
and arc AC=arc BC (II, Theor. 6), 
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V. Describing Circles satisfying Given Conditions. 

PROBLEM 5. 

To describe a circle pawing through two given points and' 
having its centre in a given straight line . 



Let it be required to describe a 0 
passing through A and B, and having its centre in | CD. 

Join AB; bisect it in E; draw EF -L AB, 
and meeting CD in F ; and join FA, FB. 

Then F is the centre and FA the radius of the required 0. 

For, from As AEF, BEF, AF = BF (I, Theor. 12) ; 
the © described with centre F and radiu9 FA 
passes through A and B and has its centrfe in CD. 

Note 1 . The centre of the required circle must be in EF which bisects 
AB.at right angles, and it tnuBt also be in CD ; therefore it must be the 
point F in which EF and Cl) meet. If CP (I EF, the problem is impossible. 
If CD coincides with EF, the problem is indeterminate, and any point 
in CD will be the centre of a circle passing through A and B, 

Note 2. Any number of circles can pass through two points A and B 
(II. Thoor. 2), and therefore a circle passing through A and B can satisfy 
other conditions. One condition besides passing through two given points 
is required to be satisfied in this Problem, and another in the next 
Problem. 
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PROBLEM 6. 

i 


To describe a circle passing through two given points and touch¬ 
ing a given straight line. 



Let it be required to describe a 0 
passing through A and B and touching st. line CD. 

First, let AB meet CD in E. 

Make ET,such that ET a « AE. EB (I, Prob. it). 

Describe a 0 through A, B and T (as shewn in II, Theor. 2). 
That 0 shall touch E T, 7 ET® *EA. EB (II, Theor. u, Cor. 2). 
Secondly , suppose AB || CD. 

Bisect AB in E, draw ET -L CD, make z TBO equal to z BTO. 
Then O is the centre and OB the radius of the 0 required. 
For the 0 described with centre O and radius OB 
will pass through A and touch CD at T, 

V OA — OB**OT, and zOTD is a rt. 

Note. If CD meets AB between A and B, the problem is impossible. 
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VI. Inscribing and Describing Figures 

IN AND ABOUT CIRCLES. 

PROBLEM 7. 

In and about a given circle , to tnscribe and circumscribe a regular 
figure of three y four , five, or si v sides. 



i. Tc inscribe a regular figure of 3 sides, 

the 0> or the 4 rt. 1 s at the centre, must be divided into 
3 equal parts so that each Z «f of a rt. Z . 

Take any equilateral A (I, Prob. 1); produce one of its sides; 
draw any radius OA ; make l s AOB, AOC each equal to 
an exterior Z of the equilateral A- 
Then Z AOB= Z AOC= L BOC, and arc AB -arc AC=arc BC. 
Hence ABC is a regular figure of 3 sides (II, Theor. 13). 

ii. To inscribe a regular figure of 4 sides, 
the O must be divided into 4 equal parts. * 

Draw any diameter, and another JL the former. 

These make at the centre 4 equal Z.s standing on equal arcs. 
Hence the st. lines joining their extremities will form a regular 
figure of 4 sides (II, Theor. 13) as required. 

iii. To inscribe a regular figure of 5 sides, 
the O must be divided into 5 equal parts. 

Describe an isosceles A having its Z s at the base 
* double of the vertical (I, Prob. 12). 

Then an z at the base of this A — £ of a rt* Z* 

At O make z s each equal to | of a rt. Z . 

Thus the O will be divided into 5 equal parts, and by joining the 
pts. of division, the required figure will be inscribed (II, Theor. 13). 

iv. To inscribe a regular figure of 6 sides, bisect the 3 z& 
at the centre in the first figure, and the required points of division 
of the O will be obtained. 

v. To circumscribe a regular figure of 3, 4, 5 or 6 sides, 
divide the O into the required number of parts as in the preced¬ 
ing cases, and draw tangents to the 0 at the pts. of division, and 
the required figure will be circumscribed (II, Theor. *4). 
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VII. Finding the Area oi- a Circle 

PROBLEM 8. 

To find the area of a circle. 



About the ©circumscribe a regular polygon of n sides, 
and draw st. lines from the centre to its angular pts. 
dividing the polygon into n equal As. 

Let the radius=r, the Qz=c, and a side of the polygonrra. 

Then the perimeter of the polygon =»« a, 

area of each A= J ar fl. Theor. 20, Note 2), 
and area of the polygonal fir x »= ; \r x 

= r x perimeter of polygon. 

Now if n is increased without limit, 
the perimeter of the polygon = c 

area of the polygon — \rc 

and the area of the © = area of the polygon ■» \rc . 
From the symmetry of the figure, it will be seen that the relation 
of c to r must be the same for all circles. (Ill, Prob. 6, Note a). 
The student will hereafter see that r= 2 itr, 
and the area of the O — wr*, 
where the Greek letter t (Pi) =*3*14159265... 

He will see that tt is an incommensurable quantity the value of 
which may be found to any degree of approximation. (Ill, Prob. 6,) 
He may easily find that w lies between 3 and 3^. 

For c >- perimeter of inscribed hexagon, that is> 6r,|J* 
and <perimeter of circumscribed hexagon, that is < 60 B (Fig. 2). 

*f 3 

Now OA B =OB* - ] 0 B* = 20 B*. or OA«—^-OB; 

2 2 

OB«» ^” 0 A» an< * ^ 0B=4 x r=6*92...r 
.\c<6*92*..r; and 7r»c-r-2r> 3 and <3f. 
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SECTION IV. EXERCISE?. 


Exercises Worked Out, 


Ex. i. To describe a circle passing through a given point 
and touching two given straight lines. 

Let AB, AC be the given j s 
and D the given pt. 

Then V the 0 is to touch 
both AB and AC its centre must 
be in AE which bisects £_ BAC. 

I, Prob. 3. Cor.) 

Draw DFj_AE and make FG 
equal to FD. 



Then the 0 will pass through G, it has its centre in AE 
and passes through D. 

Hence the problem is reduced to this, namely, to describe 
a circle passing through two given points D and G, and touching a 
given st. line ABor AC (for if it toucnes the one, it must touch 
the other also) : and this is Problem 6 of this Book. The student 
-should complete the demonstration. 

The case in which the st. lines are parallel is left to be solved 
by the student. It should be noticed that the problem is possible 
in this case only if the given pt. lies between the given st. lines. 

Ex. 2. To describe a circle passing through two given 
points and touching a given circle. 


Let A, B be the given pts., and CDE the 
given©. 

Take any pt. C in CDE, describe a 0 
passing through A,B,C (as shown in II, Tbeor. 2) 
and cutting© CDE in C and E; produce A B and 
CE to meet in F; from F draw FD a tangent 
to © CDE, and describe the © ABD through 

A, B and D. Then ABD shall be the 0 required. 

« 


1 . / 

\ 

i 


< ,. 

j 

L V- 

■ ■“ 

- - v 

A :-r: B F 



For AF„FB=sCF. FE»FD* (II, Theor. ia); 

/.FD touches 0 ABD. And V FD also touches © CDE, 
/.0s ABD and CDE have a common tangent at D ; 
and/.they touch each other at D (see II, Theor. 9). 


7 
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Ex. 3. Given the base, the vertical angle, and the altitude, 
to construct the triangle. 

t 

On the given base AB describe a seg¬ 
ment of a 0 containing an £ equal to 
the given £ C; draw AE XAB and 
equal to given altitude D; draw EF 
II AB and cutting the segment in F; and 
join AF, BF. Then AFB is the A re¬ 
quired. 



For the vertex of the A must be in the segment AFB if the 
A is to have the given vertical angle, and it must be also in EF 
if the A is to have the given altitude. 

Hence the vertex must be their intersection F. 

Ex. 4- Given the base, the vertical angle, and the sum of 
the sides, to construct the triangle. 


On the given base AB describe a segment of a 
0 containing an £ equal to half the given 
vertical £ with centre A and radius equal to the 
given sum of the sides describe a 0 cutting the 
segment in C; join AC, BO ; at B make £ CBD 
m £ C. Then ADB is the A required. 



For it is on the given base. Its vertical 

£ ADB™ /iDBC+ zC» 2 x Z.C=given vertical /_. And 
the sum of its sides AD-j-DB=AD + DC = AC, the given sum. 


Ex. 5. Given the base, the vertical angle and the difference 
©f the sides, to construct the triangle. 


On the given base AB describe a 
Segment of a 0 ACB containing an 
£ as XDEH, that is, = given vertical re-tx 
its supplement; with centre A 
and radius =* given difference describe '• . 

a © cutting the segment in C; join 
AC, BC; produce AC and at B in 
CB make £ CBl=Z.BCI. Then 
AIB Is the triangle required. 

The student should supply the demonstration. 
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Ex. 6. To draw a common tangent to two given circles. 

Let O, O' be the 
centres of the two ©s 
whereof the former is 
the greater. 

With centre O and 
radius« difference of 
the radii of the two Os 
describe a Q ; from O' 
draw O'C a tangent 
to this O ; join OC *, 
produce OC cutting 
the O at A; draw 
O'B-LO'C; and join 
BA. The | BA is a 
common tangent to the two ©s. 

For CA =»O'B and CA|| 0 'B,.\ ABflCO' (I, Th. 1 7, Cor. 1). 

Again V L OCO' - a rt. L L A - a rt. £. (I, Th. 6 ). 

Similarly Z. B - a rt. z . 

And.*.AB touches the two ©s. 

The student will see that another tangent A'B' can be drawn 
to the two Os on one and the same side of the line joining 
their centres ; and also another pair of common tangents can be 
drawn each touching the Os on opposite sides of the line 
joining their centres. 
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Ex. 7. Of alt triangles that may be inscribed in a given 
circle, the equilateral triangle has the greatest area. 


Let ABC be an equilateral Atoscribed 
in the O ABC, and A'B'C' any other A (not 
shown in the Fig.) inscribed in it. 

The A A'B'C may be shifted so as to 
have one of its angular pts. A' upon A, by 
measuring from A on both sides arcs — 
those cut off by A'B' and A'C'. • 

Let AB'C' be the new position of A 
A'B'C'; and let the O—c. and arc BB' «<z. 
Then arc AB'=i<?—a, and arc ACC'B' 



Now if C'be not the middle pt. of arc ACC'B', it may be 
easily shewn that AAB'C' will be increased in area by taking 
C' to the middle pt. C", of arc ACC'B', so that the arc cut off by 
either of the equal sides of the A thus formed the afre 

cut off by the base AB' being=Jc—o. 


The A AB'C* again will be increased in area by taking 
B' to B" the middle pt. of AB'C", so that the arc cut off by either 

of the equal sides »Jc—and the arc cut off by the base 


Proceeding thus, we shall haveAAB'C' gradually increased 
in area, the arcs cut off by either of its equal sides and by its base 
becoming successively, and £c—a. 



a* 


a and £e + |a, 



|c±-Lo and ic^=—L_a, according as 

JO JD-1 

« is odd or even. 

And when n is increased without limit, the arcs approach 
ic in length, and theAAB'C' becomes equilateral, after which 
there will be no further increase in area. 
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Ex. 8 . In any triangle (ABC) the middle points (D,E,F) o! 
the sides, the feet (G, H, 1) of the perpendiculars on them from 
the opposite angles, and the middle points (J,K,L)of the lines join* 

ing the orthocentre (O) with the angular points, are concyclic. 

* 

We have AF=BF and AT=OJ, 

FJJBH (I, Prob. 7 , Cor. i). 

Again V BF»AF, and BD=CD, fflf••SS hf'II ■ ! 'k 

and l DFJ — L BHA=a rt L . w| t , ( ’ll 

Similarly Z.DEJ=a rt. L ■ 

Hence, F, D, E, J are concyclic 
the O of a 0 whose 

Similarly it may be shewn that 
K and L are concyclic with D, E, F. HHHHHHH 

Again V L JGD=a rt. £ t 

the semi 0 on JD as diameter passes through G, 
and G is concyclic with D, E, F. 

For the same reason, H and I are concyclic with D, E, F. 
Thus the ninepts. D, E, F, G, H, I, J, K, and L are concyclic. 
Note. The circle DEF is called the Nine Points Circle . 
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Exercises to bb Worked out. 

(On Theorems 1 and 2.) 

1. The perpendiculars bisecting the chords of a cirole which do not 
pass through the centre are concurrent. 

2. The perpendiculars bisocting any two parallel chords of a eircle 
are in the same straight line. 

3. The larger of two circles passing through two given points has 
its oentre in the circumference of the smaller circle. If the diameter of 
the smaller circle is equal to the distance between the given points, shew 
that the square on the radius of the larger cirole is double of the square 
on the radius of the smaller cirole. 

4. If a circle passing through three given points has its oentre in 
the straight line joining two of them, that line subtends a right angle at 
the third point. 


(On Theorems 1 to 4.) 

R. If the angular points of a parallelogram are oonoyclic, the 
parallelogram is a rectangle. 

6. A quadrilateral inscribed in a cirole has all its sides equal ; shew 
that its angles are all equal. 

7. The middle points of all equal chords of a circle lie on the cir¬ 
cumference of a concentric circle ; and the difference between the squares 
on the radii of the two circles is equal to the square 011 half of one of the 
equal chords. 

8. Of the straight lines that can be drawn from a fixed point within 
a circle to the circumference, the one passing through the centre is the 
greatest, and the one which being produced passes through the centre 
is the least; and of all others, one nearer to the greatest is always greater 
than one more remote. 


(On Theorems 1 to 6.) 

9. Of all triangles standing on the ohord of an are and having their 
vertices in the aro, the triangle that has its vertex at the middle point 
of the aro is isosceles and has the greatest area. 

10. The sides of an equilateral polygon inscribed in a cirole, subtend 
equal angles at the oentre. 

• (On Theorems 1 to 9.) 

11. The tangents at the extremities of a diameter are parallel to 
each other and to the chords bisected by that diameter. 

12. The angle between any two tangents to a oircle is supplement¬ 
ary to the angle between the radii through the points of contact- 

13. The tangents to a circle from any point without it subtend equal 
angles at the extremities of the diameter through that point. 

14. The sums of the opposite sides of a quadrilateral oircumsoribed 
about a eircle are equal. 
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(On Theorems 1 to 11.) 

15. Of all triangles upon the same base and between the same 
parallels, the one that is isosceles has the greatest vertical angle, 

10. Tf front any point in the eiroumferenoe of a cirole perpendiculars 
are drawn to the sides of any inscribed triangle, the feet of the perpendic¬ 
ulars are in a straight line. 


(On Theorems 1 to 11.) 

17. If a common tangent is drawn to two intersecting oirclcs, tho 
portion of it between the points of contact is bisected by the straight 
line joining the points of intersection of the circles. 

18. If two circles touch oaeh other externally, and two common 
tangents are drawn to them one of which passes through the point of 
contact of the circlos, Hhew that the latter bisects the portion of the 
former lying lictween the (mints of coutaqt. 

19. Two circles which touch each other externally and whose radii 
are 2 inches and 4^ inches respectively, have a common tangent drawn to 
them. Find the length of the portion of it lying between the points of 
contact 

20. A chord 3 inches long is placed in a circle whoso diameter is 5 
inches. Find the distance of the chord from the centre. 


Miscellaneous Exercises. 


1. If two chords of a circle intersect at right angles, the sum of 
the squares on their segments is equal to the square on the diameter. 

2. If a and h lie tho lengths of the sides of a square and an equilat¬ 
eral triangle inscribed in a circle, shew that 3a* =*26*. * 

3. In & given square, inscribe the Bquare whose area is the least. 

4. In a certain lake, the tip of a bud of lotus seemed a span above 
the surface of the water. Forced uy tho wind, it gradually advanced 
and submerged at the distance of two cubits. Compute the depth of 
the water, supposing 1 cubit—2 spans. (Lilavati, § 153.; 

,5. A straight line of given length moves with its extremities on two 
fixed straight lines at right angles to each other : shew that its middle 
point moves in a circle. 

6. If two circles intersect, the tangents drawn to either of them 
at their points of intersection meet in the straight line joining their 
centres. 

7. If two circles intersect, the straight line joining their centres 
bisects at right angles the straight line joining their points of intersection* 

8. Parallel chords in a circle intercept equal arcs. 
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9. If the oentres of the Merited oirolea (that is, circles touching one 
of the sides of a triangle and the other two sides produced) be joined, 
the orthocentre 5f the triangle thus formed, is tne centre of the cirole 
inscribed in the original triangle. 

10. The distanoe of the point of oontaot of an escribed circle with 
eithor of the produoed sides from the vertex of the angle contained by 
them is equal to the semi-sum of the sides of the triangle : and the 
distance of the point of oontact of the inscribed circle with any side 
from the vertex of either of the angles adjacent to that side is equal to 
the difference between the semi-sum of the sides and the side opposite to 
that angle. 

11. If through either of the points of intersection of two equal 
circles any straight line be drawn meeting them again in two points, 
these points are equally distant from the other point of intersection. 

12. If the vertical angle of a triangle and the inscribed circle 
remain fixed, the area of the triangle is the least when the triangle is 
isosceles. 

13. If the vertical angle of a triangle and the escribed circle remain 
fixed, the. area of the triangle is the greatest wheu the triangle is 
isosceles. 

14. Find a point in the circumference of a given oirole the sum of 
the squares of whose distances from two given points may be a maximum. 

15. If the straight line joining the centres 0 and 0' of two circles 
of .radii r and r'be divided in R so that OR 3 —()'R 3 -~r a —r'*, and RP 
is drawn perpendicular to O O', the tangents drawn from any point P in 
RP (called the radical axia of the two circles) shall be equal. 

16. If tangents arc drawn to a circle from an y point on a fixed 
straight line, the chord of contact passes through a fixed point (called 
the pole of the fixed straight line which is called the polar of the fixed 
point with respect to the circle). 

17. Place a given triangle so that its three sides shall pass through 
three given points. 

18. Place a given triangle so that its three vertices shall lie on three 
given straight lines. 

19. If from any point within a Tegular polygon of n sides perpendic¬ 
ulars be drawn to the sides, their sum is equal to n timsa the radius pf 
the inscribed circle. 

20. In a cirole, prove that an equilateral circumscribed polygon, 
and aCh equiangular inscribed polygon, are regular if the number of side» 
ib odd. 
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BOOK III. 

PROPORTIONAL MAGNITUDES AND SIMILAR 

FIGURES. 

1ECTION I. DEFINITIONS. 

Introductory Remark. Geometrical magnitudes have 
position and quantity. In respect of quantity, the only relations 
of magnitudes, that is, lines, angles, triangles and other figures, 
which we have hitherto considered, are, those of equality and in • 
equality. But besides the relations of equality and inequality, 
there is another important relation, namely, proportionality , which 
magnitudes may bear to one another, and which consists in the 
equality, not of the magnitudes themselves, but of their relations 
in respect of quantity. 

Thus, if there be two unequal triangles equiangular to one 
another, any two sides of the one and the two corresponding sides 
of the other may be all unequal, but the relation of the first men¬ 
tioned pair of sides to each other in respect of length, in the same 
as that of the other pair, as will be shewn hereafter. (See 
Theorem 3 of this Book). So the relation of the side to the 
diagonal in respect of length is the same in two unequal squares. 

This relation in respect of quantity is called, ratio, and the 
equality of two ratios is called proportion. 

Definition i. Ratio is the mutual relation of two 
magnitudes of the same kind to one another in respect of 
quantity, the comparison being made by considering what 
multiple part or parts the first is of the second. 

2. If the first of four magnitudes has the same ratio to the 
second that the third has to the fourth, the four magnitudes are 
said to be in proportion and are called proportionals. 

3. When three magnitudes are in continued proportion, the 
first is said to have to the third the duplicate ratio of that which 
it has to the second, and the second is said to be a mean pro* 
portional between the first and the third. 
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4. In proportionals, the antecedent terms are said to be 
homologous to i one another, and also the consequents to one 
another. 

5. Similar rectilineal figures are those that have their 
several angles equal, and the sides about the equal angles pro¬ 
portional. 

Note 1. The fpregoing definitions require some words of expl&na* 
tion. 

From the definition of the term ratio it is clear that if a and b are 
any two quantities, the ratio of a to b, written, a : b, will be represented 

by the fraction which indicates what multiple, part, or parts a is of b . 

If c and d are two other magnitudes such that a , b , c and d are pro¬ 
portionals, then * “ ^. 


And front the above equation, a number of other equations may l>e easily 
deduced, as shewn in books on Algebra, which indicate the existence of 
various important relations among proportional magnitudes. The exist¬ 
ence of these relations among proportionals will he assumed in the 
following pages. 

Ct f 

Thus, it--; = then ndsabc. 
b a 

And hence if a, 6, c, d represent the lengths of four straight lines, then, 
Itearing in mind what is said in Note 2 to 1, Thoor. *20, we obtain the 
following theorem :— 

If Jour etraiyht line.x are in proportion , the recta nfe contained by the 
extreme* i# equal to the rectanfe contained by the mean*. 

Stum* of the important relations doducible from the proportion 
a : b :: c : d are given below for convenience of reference, and the student is 
required to supply the proofs, by consulting works on Algebra if 
necessary. 


then (1) 
(2) 


b d 

- 

it C 

a b 
c m 'd 


(invertendo or by inversion ) t 
(altenumdo, or by alternation) 


(3) (romponendo, or by composition), 


(4) (dividend#, or by division), 


(5) 


a c 
a — b c — d 


(6) 


tf + c a 
6+d“d' 


(converter ido, or by conversion), 
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The definition of ratio given above may seem to assume that the 
magnitudes concerned are commensurable, that is, oapable of being ex¬ 
pressed exaotly in terms of soma common measure or unit* But geomet¬ 
rical magnitudes are often incommensurable. Thus, the diagonal and the 
side of a square are incommensurable. For if a represents the side, and 
b the diagonal, then as explained m Note 2 to I, Theor, 21, ba» J2. a. 


or 


b 

a 


*s* v^2. Now J2 cannot be expressed exactly by any number in. 


tcgral or fractional ; so that it cannot be said that b is any exact multi¬ 
ple part or parts of a. But as has been shewn in the Note just referred 
to, the value of J2 can be expressed accurately to any required degree 
of approximation, and a and b can be represented numerically to any 
required degree of accuracy by adopting a unit of measurement, whioh 

is correspondingly small. For if a»l inch, V ^2=1.414213.. taking 

laotjorith of an inch as the unit of measurement, a will be represented 
by 100000 and b by 141421 3..., arid if we stop at the 5th decimal place, the 
error will be less than louioO^ 1 °f inch. 


For practical purposes then, nil magnitudes may be considered 
commensurable, all necessary accuracy in the cose incommensurable 
magnitudes being secured by the choice of a unit adequately small ; 
and the definition of ratio will apply equally to all magnitudes whether 
commensurable or not. 


To avoid the difficulty noticed above, arising in the ease of incom¬ 
mensurable magnitudes, Euclid has given the following definition, or 
rather test, of proportionality :— 


“ The first of four magnitudes is said to have the same rath, to the 
second which the third hus to the fourth, when any equimultiples whatso¬ 
ever of the first and the thud being taken, and any equimultiples of 
the second and the fourth, if the multiple of the first be less than that 
of the second, the multiple of the third is also less than that of the 
fourth ; or if the multiple of the first be equal to that of the seoond, the 
multiple of the third is also equal to that of the fourth ; dr if the multiple 
of the first be greater than that of the second, the multiple of the third 
is also greater than that of the fourth.” 

This will obviously follow from the Algebraical definition given above* 

For if ® =—, , and if ma is less than, or equal to, or greater 

b d nb nd, 

than nb, then me also is less than, equal to, or greater than nd. 

Conversely, the Algebraical definition may also be deduced from 
Euclid’s definition. 


For, if a and b are commensurable, suppose a«=nar and b=mz where 

jc is a common measure of a and b ; then mai=*mnxa*iih, and memnd $ 

* 


- so that 
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If a Mid b are incommensurable, suppose b**mx t and a>nx and 
*C(n+ I)ar, then #no> mnx and < mnx+mx, that is,^n& and<(n+l)6, 

and mc>tvi and <T(n+l)d, 

so that a .^~ and ^^fcJ a nd also y-p. ~ and ; 

b ^ m m a m m 

nr the difference between —and JLis less than that between and 

b d mm 


that And as by making x small, we can make m as large 

m 

as we please, and as the above relation holds good for all values of m, 

the difference between and -which is ^ - , must be less than any 

'■ m 


assignable quantity, that is,--*» r . 

b a 


Note 2. If three quantities, a, 6 and c, are in continued proportion. 


a 

b 



a a h a a a*_ 

c _ea h X c " b X T "&* 


Note 3. In this Book as in the two precoding Books, the points, 
lines, angles, and figures referred to in any proposition, are supposed to 
lie in one plane. 
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SECTION II. THEOREMS. 

1. Division of Sides, of a Triangle bv parallels 

to tiie Base. 


THEOREM 1. 


I. If a straight line is drawn parallel to one side of a triangle t 
it cuts the other two sides , or those sides produced,\ proportionally. 

II. Conversely, if a straight line cu(s two sides of a triangle, or 
those sides produced, proportionally, it is parallel to the third side. 


1 

A 

F • (j 

0 

sZ. 

1 

A 

D /* 

f 

( 

i • 


b 

l 

'\ 

f' 

I 


I. In A ABC, let DE be |] BC. cutting in D, E the sides 
AB, AC in Fig. i, and AB, AC produced in Fig. 2 ; 


then 


AD AE 

as —-. 

DB EC 


Let AF be a common measure of AD, DB, 
and let AD » m. AF, and DBAF. 

Divide AD, DB, into m and n equal parts respectively, 
and through the pts. of section draw st. lines (| BC. 

Then these lines will divide AE into m 
and EC into n equal parts (r, Theor. 17. Cor. 3), 
so that AE=«. AG, and EC — n. AG. 

AD _ m. AF__ w. AG_ AF. 

1 DB'JTAF^a^AG^EC* 


II. To prove the converse, 

if DE be not JJ BC, suppose DE' i| BC, 


then £3- 


AE' 

E'C 


AE 

EC 


(by hypothesis); 


AE±EC _ AC 


EC 


or 


E'C 


AC. 

EC' 


,% E and E' must coincide, and DE j| BC. 
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Notk 1. By a method of demonstration similar to that used in thia 
^imposition, it may be shown that il' a straight line is drawn from the 
centre of. a circle to the arc of any sector, it divides the angle at the 
centre and the arc on which the angle stands in the same ratio. 

For, by taking any small angle which is a common measure of the 
two angles into which the angle at the centre is divided, and dividing 
each of the two angles into parts equal to this common measure, ana 
bearing in mind that equal angles at the centre stand on equal arcs, we 
find that each of the two angles is divided into the same number of equal 
parts as the arc on which it stands ; so that, the two angles into which 
the angle at the centre is divided ure to one another as the ares on which 
they stand. 

Notk 2. Similarly, hearing in mind l, Th. 20, Cor. 2, it may be 
shown that triangles of the same altitude are to one another as their liases. 

II. Division of the base by the Bisector 
of the Vertical Angle. 


THEOREM 2. 


I. If a straight line bisects the vertical angle of a triangle" or 
its adjacent exterior angle , it cuts the base internally or externally 
in the ratio of the sides , 

II. Conversely , if a straight line drawn from the vertex to\ the 
base of a triangle cuts the base internally or externally in the ratio 
of the sides , it bisects the vertical angle or its adjacent exterior angle. 



Let AD bisect BAC (in Fig. 
or its adjacent exterior £ B'AC 

<he n ™ = BA 

CD CA 


i) 

(in Fig. a) ; 


Draw # CE || AD. Then z AEC= z BAD or z B'AD (I, Theor! 6) 

= z CAD (by hypothesis) 
— I ACE (I, Theor. 5); 
CA= EA. (I, Theor. 9.) 
Again V AD J| CE, 


• • 




.sec. II.] 


THEOREMS. 


Ill 


tt r* 11 BE) BA. 

II. Conversely let i 

then z BAD (in Fig. i) or z B'AD (in Fig. 2)= z CAD. 

Draw CEjjAD. 

Then (III, Theor. i) -®^(Hyp.) ; 

/.F.A-CA, and z ACE - z AEC. 

But ZAEC=zBAD or zB'AD, and ZACE=zCAD 

(I, Theor. 6 and 5) ■ 

z BAD or ZB'AD - ZCAD. 
that is, AD bisects z BAC or Z B'AC. 


Note 1. If BA—CA, angle BOA— angle OBA, and angle CAB' 
(Fig. 2)*= twice the angle ACB (I, Theor. 8), so that angle CADss 
angle ACB, and therefure AD is parallel to BC, and the point 1> is at an 
infinite distance. In that case, the proposition is true m this sense that 
BA : AC lieing a ratio of equality, BI): CD also is, as it ought to he, one 
oi equality, by reason of BC, the difference l»etween BI) and CD i>cing 
infinitely small compared with BI) and CD which arc infinitely 
large. 

Note 2. If AD and AE bisect the angles BAC and B'AC, they cut the 
straight line BE harmonically, that- is, m such a manner that the whole 
line is to one extreme segment as the other extreme segment is to 
the mean ; and the straight lines IID, BC, BE are in harmonical pro¬ 
gression. 


BE BA BD * 

For CE“CA“CD’ 

, BE CE , , 
and (alternately). 

BE CE BE—BC 
Agam BD-CD* BC—BD’ 

BD BC—BD 
or BE” BE— BC 

It has l)een observed that three musical strings of the same material, 
thickness, and tension, whose lengths are in the same relation as the 
line» B1), BC and BE, produce notes whose combination is harmonious 
to the ear; and it is from this fact that the name ‘harmonical progression' 
is derived, and the lines BD f BC, BE are said to be in harmonical pro¬ 
gression. 
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HI. Similar Triangles. 

THEOREM 3. 

I. If two triangles arc equiangular , their corresponding sides 
are proportional , and the triangles are similar. 

II. Conversely , if two triangles have their sides taken in order 
proportional^ they are equiangular and similar . 



A 

A 


G/ 

7 \ 

ry 

j 

/ 

- 


/ ... 

‘ - [' • 

F 

B 

H C 

* 


I. Let A8 ABC and DEF have 

Z. A—Z.D, z B- L DEF, and Z.C** zDFE ; 

AB BC CA 
then £)£-jrp~ FD 

Apply A&EF to A^BC so that E may be on B, and ED on BA, 
then EF shall fall on BC, V Z.DEF*=Z.B. 

Let D and F be at G and H. Join GH. 

Then V z BGH- z D- z A, /. GH|| AC (I, Theor. 6) ; 

„ BG BH _ % AG CH /L . . , 

and "AS^Cfi Theor. t); or (by inversion), 

AB BC 

.*, gQ**gy[ (by composition). But BG=ED, and BH — EF, 

AB BC 

**• de“ef* 

. . _ » L BC CA 

Similarly it may be shewn that 

„ „ , , .AB BC CA. 

II. Conversely, let J5j? = jrp 35 jrj) * 

then zA-ZlD, Z. B * z. DEF, ZC-Z.EFD. 

At E and F make z FEG' and z. EFG' - L B and z C. 

Then Z.G'= Z. A (I, Theor. 8); 
and As ABC, DG'F being equiangular are similar: 
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and 


• AB^BC AB.|j v 
•*G'E EF DE WP *' 




DE=G'E. 


Similarly DF=G'F. And EF is common to the As DEF,G'I£F; 
As DEF and G'EF are congruent, 
and vzD-AG'«AA, z DEF= z G'EF» AB, 
and A DFE-aG'FEaC. 

Hence the two As ABC, DEF are similar. 


THEOREM 4. 


If two triangles have one angle of the one equal to one angle of 
the other , and the sides about their equal angles proportional , the 
triangles are similar. 


A 

( r ' M 


Let the As ABC and DEF have zA=ADand 


AB^AC 

de“df 


then the As are similar. 

Apply A DEF to A ABC so that 
D may be on A and DE on AB; 
then DF shall be on AC, V z D — A A. 

Let E and F be at G and H. Join GH. 

Then vAG-DF. and AH=DF, andj*?«££ 

Pit Dr 

. AB_ AC 
•‘•AG" AH’ 

and #% AG ss ^n^ by division ^ 

and .% GH 0 BC (III, Theor. i). 

Hence aB=» A AGH=s zE, and.*. zC=zF. 

(I f Theor. 8.) 

The As ABC and DEF are equiangular, 
and they are similar (III. Theor. 3). 

8 
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THEOREM 5. 

If two triangles have one angle of the one equal to one angle of 
the other\ and the sides about another angle in the one proportioned 
to the corresponding sides in the other % then their third angles are 
either equal or supplementary . 



Let the As ABC and DEF have 


„ ’BA AC 
z E - and ED=DF ; 


then L C is either equal or supplementary to z F. 

If zA«zEDF,zC~ AF (I, Theor. 8). 

If Z A be not - z:EDF, make L EDF' (Fig. 3) - z A. 
Then As ABC and DEF' are equiangular and similar; 


.BA e AG 
*'ED**iDF' 


g^(Hyp.)i and DF'-DF, and Z.C-ZDF'E. 


NowVDF'-DF, zF= aDF'F (1, Theor. 9) 

=supplement to ziDF'E 
= supplement to A C. 

Note. Theorems 3. 4, and 5 relate to the similarity of two triangles 
whioh follows if certain conditions are satisfied. The following are the 
different cases that arise :— 

I. If two triangles are equiangular, they are similar as shown in 
Theor. 3. There is no oass 01 equality of triangles corresponding to this. 

II. If two triangles have their sides taken in order proportional, 
they are similar as Bhewn in Theor. 3. The cose of equality of triangles 
corresponding to this is that proved in I, Theor. 13. 

• III. If two‘triangles have one angle of the one equal to one angle 
of the other, and the sides about the equal angles proportional they aro 
similar as shewn in Theor. 4. The cases of equality of triangles corres¬ 
ponding to this is that proved in I, Theor. 12. 

IV. If two triangles have one angle of the one equal to one angle 
of the other, and the sides about another angle in the one proportional to 
the corresponding sides of the other, the triangles are either similar or 
have their third angles supplementary as shewn in Theor. 5. The ease of 
equality of triangles corresponding to this is that proved in I t Theor. 15. 
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THEOREMS. 
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IV. Similar Polygons and Triangles. 

THEOREM 6. 

If a polygon is divided into triangles by straight lines joining 
a given point to its vertices, any similar polygon can be divided into 
corresponding similar triangles. 


D 


Let the polygon ABCD be divided into As by | s drawn from O, 
and let A'B'C'D'E' be a similar polygon ; 
then A'B'C'D'E' can be divided into corresponding similar As* 
At A', B' make L s B'A'O', A'B' 0 '= L s BAG, ABO, respectively, 
and join O'C', O'D' and O'E'. 

Then As OAB and O'A'B' are evidently equiangular; 

(HI* Thcor ' “iTC 7 ’*'the polygons are similar. 


And V L ABC= l. A'B'C' and L AB 0 ««A'B' 0 ', 

.% /_OBC=/lO'B'C' (Axiom 3). 

Hence As OBC and O'B'C' are similar. (Ill, Theor. 4.) 

Similarly, As OCD, ODE, OEA are similar to As O'C'D'; 

O'D'E', O'E'A'. 

Note. If the given pt. be one 
of the vertices, A, the proposition 
may be proved thus :— 

Join A'C' and A'D'. 

Then As ABC and A'B'C* are 
evidently similar (III, Theor. 4). 

And As ACD and A'C'IV, and 
also as ADE, A'D'K' may be 
shown to be similar in the same manner as above. 


. r. 

b 


Cor. Hence on a given st. line A'B' a rectilineal figure 
may be constructed similar to another figure ABODE. 

For on A f B' make AA'B'C' equiangular to A ABC; on A'C' 
make AA'C'D' equiangular to A ACD; and on A'D' make 
A A'D'E' equiangular to A ADE. 

Then evidently A'B'C'D'E' is the figure requited. 
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THEOREM 7. 

If the straight lines joining a point to the vertices of a given 
rectilineal figure are divided {all internally or externally) in the 
same ratio f the points of division are the vertices of a similar and 
similarly placed rectilineal figure. 



Let ABCD be a given rectilineal figure, 
and let OA, C)B, OC, OD be divided all internally or externally 
in the same ratio at A'. B', C', D' ; 
then the figures ABCD, and A'B'C'D' are similar and 
similarly placed. 

oa_ob_oc 

For v OA' OB' - OC'’ 

.•,AB(|A'B\ and BCllB'C' (III. Theor. i), 
and /. L ABC— L A'B'C' (I, Theor. 7, Cor.). 

Similarly the other z.sof the two figures are respectively equal. 
Again V ABj| A'B' and BC||B'C. 

.% As OAB and OA'B' and also As OBC and OB'C' 

are similar; 

AB_OB BC 
and QB'^b C' - 

Similarly the sides of the two figures about their other z s 
are proportional. 

* Hence the figures are similar. 

And they are similarly placed as their corresponding sides 

are parallel. 

Cor. Hence the straight lines joining the vertices of two 
similar and similarly placed rectilineal figures are concurrent 
For let the si. lines joining AA' and BB' meet O. 
loin OC. OC, AC, AC. 

‘ Then As OCA and OCA’may be easily shown to be similar; 
£ AOC= L AOC and.’.OC and OC' are in the same st. line. 
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THEOREMS. 


Ilf 

r THEOREM 8. 

Similar triangles and similar polygons have to m one another the 
same ratio as the squares on their corresponding sides . 



i. Let ABC, A'B'C' be two similar As, 
having A BAC= z B'A'C\ AB~ z B', and aC=Z.C'; 

then 

AA'B'C 

Draw AD, A'D' X BC, B'C' respectively. 

Then As ABD and A'B'D' are evidently equiangular and similar, 

, AD AB_BC. 

A'D'^'B^B'C' 

Theor - Note *■> 

_ BC AD _ BC BC __ BC 2 

A'D' B'C' ‘ B'C' J 3 'C'* * 

i. Let ABCDE and A'B'C'D'F/ he two similar polygons ; 

, ABCDE _ AB" 

Cn A' B'C'D ' E' A'B r * ‘ 

For the two polygons can be divided into the same number 
of similar As OAB.OBC, OCD, ODE, OEA, and 

O'A'B', O'B'C', O'C'D', 0 'D'E r , O'E'A' (III, Theor. 6), 

. AB BC _ CD _» . 
d a'B'”b'C' cb'~ ' 

AOAB _ AB* _ BC 4 _ AOBC . 
AO'A’B'A'B’* B'C* A A'B'C' 

# sum of As »n ABCDE __ AB 8 

• * sum of As »n A^'C'D'E 7 A'B'*’ 

. fig. ABCDE _ AB* 

fig. A'B'C'D'E , **A'B'*’ 
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V. Relation between a Figure on the Hypotenuse 
and Similar Figures on the other two Sides 
of a Right-angled Triangle. 

THEOREM 9. 

In a right-angled triangle , any rectilineal figure described upon 
the hypotenuse is equal to the sum of the similar amd similarly 
described rectilineal figures upon the sides containing the right angle. 


A 

D 
R i 


Let ABC be a right angled A having the rt. / BAC, 
and let R,, R a , R 3 , be similar and similarly described figures 

on BC, CA, AB \ 
then R, = R, +R S . 

From A draw ADj_BC. 

Then As DBA, DAC are similar to A ABC, 


and 


. CB BA ,CB CA 
••BA = BD“ d CA = C&’ 


and BA , = CB.BD, and CA , «CB.CD (III, Def. 5,Note 1); 
/. BA 8 + CA* =CB.BD+CB. CD - CB*. 


N° w k-- 


AC* 

BC a 


(III, Theor. 8), and 


R, AB* 
R, BC* 


* Rx 


AB» + AC 9 _BC a 
BC* BC 8 


and R g + R..j 



Note. It will be seen from tlie above proof, that in a right-angled 
triangle, the three sides are so related that the hypotenuse bean to each 
aide Tne same ratio which that side bears to the adjacent segment of the 
hypotenuse out off by the perpendicular on it from the right angle ; so 
that the square on each side equals the rectangle oontained by the 
hypotenuse and its adjacent segment, and the sum of the squares on the 
two sides must .therefore be equal to the sum of the two rectangles, that 
is,, the square on the hypotenuse. This shews that. Theorem 21 of 
Book I is deducible from a mere consideration of the relative lengths 
of the hypotenuse and the other two sides of a right-angled triangle. 

This is hinted at in the Vijaganita of Bhaskara, § 146. 
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VI Relation ^between the Rectangles contained 
by ti^e Sides and by ^the Diagonals of a 
Quadrilateral inscribed in a Circle. 

THEOREM. 10 

The rectangle contained by the diagonals of a quadrilateral figure 
inscribed in a circle is equal to the sum of the rectangles contained 
by the opposite sides. 



Let ABCD be a quadrilateral figure 
inscribed in the © ABCD ; 

then AC. BD-AB. CD + BC. AD. 

Make Z BAE — z CAD. 

Then V Z ABD=zACD (II, Theor. 10, Cor. i), 
As ABE and ACD are equiangular, 

J AB BE, t „ _ 
and .*. (III, Theor. 3), 


and AB. CD — AC. BE. 

Again £ BAE= z CAD, adding Z EAC to each, 
ZBAC-ZEAD; 

and zBCA«zBDA (II, Theor. 10, Cor. 1); 

•V As BAC and EAD are equiangular, 

, BC ED 

^•’•AC^AD^ 11, Theor * 3)» 
and BC, AD—AC. ED. 

Hence AB. CD+BC. AD«AC. BE +AC. ED 

=AC. BD. 
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SECTION III. PROBLEMS. 

I. Division of a Straight Line in a given Ratio. 

PROBLEM I. 

To divide a given straight line internally and externally in a 
given ratio. 



r 

r 5 

t ' - 


i 

I 

| i 
j : 

A 

(.» p 

f G 

; i 

G n 

■ — 


Let AB be the given st. line and C: D the the given ratio); 
it is required to divide AB in the ratio of C: D. 

From A draw any st. line AE; make A F =C the longer of the 
two, C and D; make FE=D=FE'; join BE, BE'; and draw 
FG, FG'HEB, E'B respectively. 

Then G and G' are the points of division required. 

For v FG||EB, and FG' || E'B, . 

AG AF C AF AG' • 

:(Iir. Theor. i). 


• • 


GB”FEDFE GB 
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II. Finding a Third, a Fourth, and a Mean 

Proportional. 

PROBLEM 2. 

To find a fourth proportional to three given straight lines. 


- ! . 

: | ! 


E ! 

Ha I 

C., • 

A B C 

0 

!■ 0 


Let it be required to find a fourth proportional to A, B, C. 
Take any two st. lines OD, OE inclined at any /_ ; 
make OF = A, FD=B, OG*»C; join FG and draw DH||FG. 
Then GH is the fourth proportional required. 


ForvfGjjDH 


. OF 

FD 


OG A 
G ti’ 0r B 


_C 

GH* 


Cor. Similarly, a third proportional to two given straight lines A 

A R 

and B nay be found by making OG = B; and in that case , 

B GH 

PROBLEM 3. 

To find a mean proportional between two given straig bt lines. 


F 

k 

A B C 



Let it be required to find a mean proportional between A and B. 

Take any st. line CD : make CE« A, ED«B ■, 
on CD describe the semi circle CFD; and draw EFJ.CD. 


Then EF is the mean proportional required. 

For, join CF, DF. Then ^CFD is a rt. £_ (II, Theor. it), 
and As CFE, FDE are equiangular and /. similar; 

CE EF A EF 
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ail. Construction of a Figure of a Given Kind 

and Given Magnitude. 

PROBLEM 4. 

To describe a rectilineal figure equal to one and similar to 
another given rectilineal figure. 





' > 

• 



t- 

; L N 

n 



M 

- 


r 

r 

V.J 

J 

K 



Let it be required to describe a rectilineal figure 
equal to the figure A, and similar to the figure BCDE. 

Construct the squares FGHI and JKLM equal respectively 
to A and BCDE (I, Prob. 11): to JK, FG and BC find 
a fourth proportional NO (III, Prob. a); and on NO 
construct the figure NOPQ similar to BCDE (III, Theor. 6. Cor.) 

Then NOPQ is the figure required. 


„ IK BC 

For VpQ=j^Q(by construction), 


TK* 

FG* 


BC a BCDE /ttt _ 
NO*"*NOPQ^^’ Theor. 8) 


But BCDE-JK 9 ; .\NOPQ-FG 9 -figure A ; 
and NOPQ is similar to BCDE. 


Note. This is the most general Problem relating to the construction 
of rectilineal figures; and Problem 11 of Book I, the help of which is here 
taken, is only a particular case of this. 
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IV. Finding the Locus of the Vertex of a 
Triangle Satisfying certain CoNpmoNS. 

* 

PROBLEM 6. 

Given the base of a triangle and the ratio of its sides , to And th - 
■locus of the vertex. 



Dy, 

^ ' • 

: 


j ; 


- 



A A 

0 D 



Divide the given base AB, internally and externally in the 
given ratio in C and C' f and on CC' describe the semi¬ 
circle CDC\ 


This semi-circle is the locus required. 

For take any pt. D in the semi-circle and join DA, DB. DC, DC'. 

Then if 4ADB is bisected by DC, its exterior 4 will be 
bisected by DC', V 4 CDC' being an z in a semi-circle is a rt. 4 > 


AD AC AC' 
and jDB “CB“C'B' 


the given ratio. 


But if possible, let DC be not the bisector of L ADB, 
and let L BDC^^lCDA'. 

Produce A'D to E 

Then DC', will bisect 1 BDE', V 1 CDC' is a rt. 4. 


„ A'C' A'D A'C A'C' C'B , , 

Hence tfF” DB = CB or A ; C = CB (alternatel )')- 

, AC' AC AC' CB. 
and /"■vo * /•»,,or- 


C'B CB' 
AC' A'C' 


AC” CB ; 
CC CC 




• • * / • 




and .% AC=A'C, that is, A and A' coincide. 
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V. Finding the Area of a Circle. 

i 

PROBLEM 6. 

To find numerically , the approximate area of a circle whose 
radius is unity, that is, the unit of linear measure ; or, in other words 
to find approximately the ratio of the circumference io the diameter. 


f 

* 

S P T R 


- ■ 7 


V 6 

M 


6 


It has been shown in Problem 8 of Hook II that the area of 
a © of radius cr (where r~~length of O) 

.v * c )• 

=-7r r a (where l r— 

* 


It has also been shown that /r>3 and< and 3I. 

We now proceed to find to any required degree of 
approximation. 

the numerical value of w, the ratio of the O to the diameter, 
which is abo the numerical expression for the 
area of the ©, wr 8 when r— 1. 


For this purpose the following theorem has to be proved, 
that if I and C are the areas of the regular polygons of n sides 
inscribed in and circumscribed about the 0, 
and r and C' the areas of like polygons of zn sides, 


then I'~ Vi. c, and C'« 


sCI' 


c+r' 


that is, F is the geometric mean between I and C, 
and C' is the harmonic mean between 1 ' and C. 


Let AB, QR be the sides of polygons I and C, 
and AP, ST, those of I' and C', as in the Figure. 

Then As OAM, OQP are halves of two of the n As into 
which I and C may be respectively divided, 

and As OAP, OST are two of the 2n As into which I' and 
C' may be respectively divided. 
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I 3 »AOAM aOAM 4 AM- OM OM 
Hence 1 '" 2 „ A o A p" a'OAP“*AM* 00 " OP 

oa aOap 2»aoap r 

“OQ * AOQP“a«AOQP"C ’ 

or P - 1 . C, or 1 '=a/(L C). 

SO OQ OQ 

Again,-gp» 0 p (VOS bisects L POQ)«^» 

AOSQ AOQP 2«aOQP C. 

,% aOSP" AOAP“2»AOAP“i'’ 

c + r aosq + aosp aoqp 4 »aoqp 2C 

and r - - £o§p ' ~ AOSP* V«AOS'P“ C’ 

*cr 

orC - c + r - 

Nowifr=i, and »=4, that Is, if the polygon is a squire, 
1 — 2 and C => 4i 

and.\T=/(I. C.)- ^8 -2-8^84271... 

*cr 8 V '8 16 

and C - c + r - 4+ 2+ A /g 

==s 3 ' 3 l 37085... 

Proceeding in this way, we have the following table :— 


No. of Bides, A rni of inscribed polygon. Aren circumscribed polygon. 


4 

2 ‘COOOO 

4 00000 

8 

2 82842.. 

33 * 370 .. 

16 

306I46.. 

3*18259.. 

3 2 

312144 .. 

3*15172.. 

64 

313654.. 

1*14411.. 

128 

3 * 4033 .. 

314222.. 

256 

3 * 14127 .. 

3 * 4 * 75 - 

512 

3 * 4 * 5 *” 

3*4163.. 

1024 

3 * 4 * 57 - 

314160.. 

2048 

314158.. 

3 * 4 * 59 - 

4096 

3 * 14159 - 

3 ** 4 1 59 — 


This shews that the areas of the inscribed and circumscribed 
regutar polygons of 4096 sides do not differ down to the 5th 
decimal place if the radius is 1, that is, their difference is less 
than rowot^h part of the square on the radius or linear unit. 
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And as the area of the circle lies between these two areas, the 
difference between that area and either of these two must be 
still less. Hence if we do not want an/higher degree of accuracy, 
the number 3*14159 may be taken to represent the area of a 
circle of radius*» 1, and also to represent the ratio of the circum¬ 
ference to the diameter. 

By proceeding further and further as indicated above, we 
may secure any degree of accuracy that is desired. 

Notk 1. The altove in taken with a alight modification from Legen¬ 
dre’s Elements of Geometry, Book IV, Propositions 13 and 14, 

Notk 2. It in assumed jiUive that the ratio of the circumference 
of a circle to its radius is rovtfaiif, that is, the same for all circles. The 
truth of this is clear, and may he easily shewn thus ;— 

Inscribe a regular polygon of n sides in each of two circles of radii 
r and r '; suppose a and a to be the lengths of the sides of the two poly¬ 
gons ; and join the centre of each circle with two of the angular points 
of the polygon in it. Then tho two triangles thus formed are evidently 
equiangular and therefore similar ; nod from these triangles we see that a 
is to at as r is to r\ and therefore na is to not as r is to r', whatever the 
value of n may be. Now if n is increased without limit and therefore 
a and «' diminished without limit, va and na\ the perimeters of the 
polygons, ultimately Income equal to the circumferences of the circles. 
Therefore the oiicumferenccs- of the circles are to one another as their 
radii. 
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SECTION IV. EXERCISES. 

1. Triangle* between the same parallels are to one another as their 
bases. 

2. Find the locua of the point which divides every straight line 
pasaing through it and terminated by two fixed intersecting straight lines 
in the ratio of its intercepts on those lines. 

3. If a quadrilateral figure has two of its sides parallel, the straight 
line Joining the middle points of its other two sides is parallel to the 
parallel sides. 

4. Given the base, the ratio of the other two sides, and the vertical 
angle, construct the triangle. 

5. If from the right angle of a right-angled triangle, a perpendicu¬ 
lar is drawn to the hypotenuse, it divides the hypotenuse into segments 
which are such that each side is a mean proportional between the hypot¬ 
enuse and the adjacent segment. 

6. If in two circles two parallel radii are drrwn, (ho straight line 
joining their extremities, produced both ways will out off similar segments 
of the circles, standing on chords which are to one another in the ratio 
of the radii. 

7. If a triangle lie divided into any two triangles hv a straight line 
drawn from the vertex to the base, the radii of the circles circumscribed 
about the two triangles shall be in the ratio of the sides. 

8. In unequal circles, equal angles at the centres or on f he circum¬ 
ference Btand on arcs ivhoeo chords are proportional to the radii. 

9. In unequal circles, similar segments stand upon chords propor¬ 
tional to the radii. 

10. Similar triangles are to one another as the squares on the radii 

of their circumscribing circles. , 

.. - 11 * Bisect a triangle by a straight line drawn parallel to one of it* 
sides. 

12. The area of a regular hexagon inscribed in a circle is three- 
fourths of that of a regular hexagon circumscribed aliout it. 

13. if the three sides of a right-angled triangle are in continued 
proportion, the perpendicular from the right Angle on the hypotenuse 
divides it in extreme and mean ratio, thut is, medially. 

14. Fiod the locus of the point which divides in a given ratio 
straight lines drawn from a given point to a given circle. 

15 If two circles touch externally, their common tangent is a piean 
proportional between their diameters. 

16. A circle rolls within another of double its radius. Find the 
locus of a fixed point in its circumference. 
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BOOK IV. 

PLANES AND SOLIDS. 

SECTION I. DEFINITIONS. 

Introductory Remark. In the preceding three Books 

we havr considered points, line 4 ', angles, and figures which lie in 
one plane. We now proceed to consider points, lines, and other 
geometrical magnitudes lying in different planes. 

Dkfimuon- i. A straight line is perpendicular to a 

plane when it makes right angles with every straight line meet¬ 
ing it in that plane. 

2. A plane is perpendicular to a plane when the 

straight lines drawn in one of the planes perpendicular to the com¬ 
mon section of the two planes, are perpendicular to the other plane 

3. The inclination of a straight line to a plane is the 

acute angle contained by that straight line and another drawn 
from the point in which the first mentioned line meets the plane 
to the point in which a perpendicular to the plane from any point 
in that line above the plane meets the plane. 

4. The inclination of a plane to a plane, called also a 
dihedral angle, is the acute angle contained by two straight 
lines drawn irom any the same point in their common section at 
right angles to it, one in each plane. 

5. Parallel planes are such as do not meet one another 
though produced ever so far. 

6. A Solid angle is that which is made by more than two 
plane angles in different planes meeting in one point. 

It is called a trihedral, a tetrahedral, or a polyedr&l 
angle, according as it is contained by three, or four, or more than 
four plane angles. 

A solid angle is said to be convex when a section of its 
faces by a plane has no re-entrant angle. 

7. A pyramid is a polyhedron or solid figure contained'by 
plane figures, of which all the faces except one, called the base, 
meet in a point called the vertex. 
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8. A prism is a polyhedron having a pair of parallel faces 
which are equal and similar rectilineal figures *nd which are 
called its ends or bases, and having parallelograms for its other 
faces, called its side faces. When the ends are perpendicular 
to the sides, the prism is called a right prism. 

9. A parafllelopiped is a prism with parallelograms for its 
ends or bases. 

%■ 

10. A sphere is a solid figure described by the revolution 
of a semi-circle about its diameter which remains fixed. 

11. A right cylinder is a solid figure described by the 
revolution of a rectangle about one of its sides. 

1 2. A right cone is a solid figure described by the revo¬ 
lution of a right-angled triangle about one of the sides containing 
the right angle. 

13. A tetrahedron is a solid figure contained by four 
equal equilateral triangles. 

14. A cube is a solid figure contained by six equal squares. 

15. An octahedron is a solid figure contained by tight 
equal equilateral triangles. 

i fi. A dodecahedron is a. solid figure contained by twelve 

equal equilateral and equiangular pentagons. 

17. An icosahedron is a solid figure contained by twenty 
equal equilateral triangles. 

1 8. The projection of a straight line on a plane is the locus 
of the feet of the perpendiculars on the plane from the different 
points of the straight line. 

Noth I. Some of the foregoing definitions assume the truth of propo¬ 
sitions which are hereafter proved. Thus definition I assumes what is 
proved in Theorem 4, namely, that a straight lino can he at right anglen 
to a)1 straight linos in a piano which meet it. ho definitions 2 and 4 
assume what is proved in Theorem 3, namely, that the common section 
of two planes is a straight line. But the truths assumed are simple and 
evident. 

Noth 2. It is evident th*t any number of straight lines may pass • 
through one given point, and two points determine the position of a 
straight line. * 

It is equally evident that any number of plane* may pass through 
two given points, that is, through thesiraight line joining thorn, and three 
points not in the same straight line, determine the position of a plane. 

And as a straight line may he made to rotate about any point in it 
a plane may be maw to rotate about any straight line in it. 

9 
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SECTION II. THEOREMS. 


I. Straight Lines in one Plane. 

THEOREM I. 

One part of a straight line cannot lie inn plane and another 
part outside the plane. 



If possible, let AP> pan of ( MIC. be in plane P, 
and the part BC without it. 

Since J AB is in plane P, 
it can be produced to any pi. D in P (I, Post. aL 
Now turn plane P about | AD till tt passes through C. 
Then | s AlJD and ABC lying in one plane 
have a common segment. AH, which is impossible (I, Ax. to). 

Noth. The truth of t ! »n Theorem ia evident from the definition |of n> 
piano and Axiom 10. 
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THEOREM 2. 

/. Two straight lines which intersect are in one and only one 
plane. 

II. And thtee straight lines width meet one another but not in 
the same pointy are in one plane. 



I . Let AH, Cl) be two | s intersecting in K; 
then they are in one and only one plane. 

Let a plane P pans through J AB. 

Turn plane P about BA till it passes through pt. C. 

Then v C and K are in plane P, 

,\ the whole | CED is in plane P (IV, Th. i). 

Moreover | s AB, CD can lie only in plane P. 

For, if possible, let them lie also in plane P*. 

Take any pt, X in plane P'. and draw XYZ in plane P' 
Then v Y and /. are in AB and CD, they are in plane P ; 
and the whole | XYZ is in plane P (IV, Th. i). 

Hence X is in plane P. 

Similarly, every other pt. in plane P' is in plane P, 
that i?. plane P' coincides with plane P. 

II. Let j s BA, AD, DC meet in A, D, E; 

then they are in one plane. 

For as shown above, AB and CD are in one plane P. 

And V A and D are in this plane, /. | AD lies in it. 

Note. It will be seen front this proposition that three points not in 
one straight line, or two intersecting straight lines, determine the posi¬ 
tion of a plane. 
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II. Common Section of two Planes. 

THEOREM 3. 

If two planes intersect, their common section is a straight line. 



Let the planes, P, P' intersect in AB •, 
then AB is a | . 

For if not, A and B may be joined by | ACB, AC'B, 
drawn in the planes P and P\ 
and these lines will enclose a space, which is absurd. 
Theretore AB is a st. line. 
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III. Straight Lines Perpendicular to Planes. 

THEOREM 4. 

Jf a straight line is perpendicular to each of two straight lines at 
their point of intersection it is perpendicular to every other straight 
■line tn their plane which passes through that pointy that is, it is per¬ 
pendicular to their plane . 


V" 

i 


rl/ - 


1 c 

■4 

c 



Let AO be -L BOE, COD; 
then AO X an Y I FOG in plane BOC. 

Take any pt. B in OB *. make OC, OD, OE=OB : 
draw BC, DE cutting FG in F and G ; and join B, C,D,E,F,G, to A. 

Then V OB=OE, OC = OD, and zBOC - ZEOD, 

.\ from As BOC, EOD, BC=ED. L OBC« L OED (I, Th. 12). 

t Also z BOF * z EOG, and OB®» OE *, 

,\ from As BOF, EOG, BF«EG, and OF=OG (I, Th. 14). 
And V OA bisects at rt. Zs BE and CD, 

AB=AE and AC=AD. Also BC=ED. 
Hence As, ABC, AED are congruent (I. Th. 13), and 
ZABC»zAED. 

And hence As ABF, AEG are congruent (I, Th. 12), 
and AF«AG. 

Thus in As AOF, AOG, OF-OG, OA is common, 

and AF*» AG : 

z AOF— zi AOG, or OA J.FG, and .% -L plane BOG, 
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THEOREM 5. 

If three or more concurrent straight lines have a common perpen¬ 
dicular at their point of intersection, they are coplanar. 



Let OA be X OB, OC, OD ; 
then OB, OC, OD are coplanar. 

For if not, let OD be in a plane 
different from that of OB, OC, 
and let the plane of OB, OC cut plane AOD in* OE. 
Then OE is in the plane of OB, OC ; 
and V OA-LOB, OC, 

.\OA-LOE (IV, Th. 4) ; 
and Z<AOE = a rt. =AOD (by hypothesis), 

which is absurd, 

V OA, OD, and OE are in one plane, and L AOD 
is part of £ AOE. 

Hence OE, OD must coincide, that is, OD must be 
coplanar with OB, OC. 
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THEOREM 6. 

I. If two straight lines are parallel and one of them is perpendic¬ 
ular to a plane , the other is also perpendicular to the same plane. 

II. Conversely^ if two straight lines are perpendicular to the 
same plane , they are parallel to one another. 


1 \ 

8 ':' \ *0 \ 

'-V. 


I. Let AB be || CD and X plane P ; 

then CD X plane P. 

Let AB, CD meet plane P in B and D ; 
join BD ; in plane P draw DExBD ; 
take any pt, E in DE ; and join AD, AE, BE. 

Then AE 9 =AB® + BE 2 (V L ABE is a rt. H by hypothesis) ; 

■ AB* 4- BD 8 + DE 9 (v L BDE is a rt. z by construction) 
— AD 9 +DE a (v L ABD is a rt. £_ by hypothesis) ; 
and DExDA (I, Th. 22). 

Thus DE-LDA and DB, and /,-L plane BAD (IV. Th. 4). 
Now CD||AB, /.CD is in the plane BAD ; 

and /. DExCD. ' 

Again V CD||AB, and z. ABD is a rt. Z.» 

Z.CDB is also a rt. / , and /. CDXBD. 

Thus CD-LBD and DE, and /. X plane P. 

II. Let AB, CD beXplane P ; 
then AB||CD; 

With the same construction as above, we have, 

AE 9 = AB 9 + BE* =AB 8 + BD a + DE* - AD 9 +DE 9 , 

/. DEXAD ; also DEXBD by construction *, 
and DExCD by hypothesis. 

Thus DEXAD, BD, CD ; 

/.CD is coplanar with AD, BD (IV, Th. 5) and /. with AB ; 
and V z ABD=a rt. L = z CDB, /. ABj|CD (I, Th. 6). 
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THEOREM 7. 

Of all straight lines drawn from an external point to a plane, 
the perpendicular is the shortest; and of oblique lines drawn from the 
same pointy those that cut the plane at equal distances from the foot of 
the perpendicular are equal . 



Let AB be X plane P, AC any other J , 
and AD a third | such that BD — BC ; 
then AB <AC, and AC=AD. 

For t ABC is a rt. z, and ,\> L ACB (I, Theor. 8 , Cor. i), 

. AC> AB. 

And from As ABC, ABD, AC = AD (I, Theor. 12). 

Note. This corresponds to I, Theor. 10, Cor* 




SBC. II.] 


THEOREMS. 


«37 




IV. —Parallel Straight Lines in Space. 

THEOREM 8. 

Straight lines in space which are parallel lo the same straight 
Jine , are parallel to one another. 



Let | 8 AB, CD in space be || EF ; 
then AB || CD. 

From any pt. G in EF. draw 
in the plane of AB, EF, the | GH X EF, 
and in the plane of CD, EF, the | GI XEF. 

Then VEF XGH, GI, EF -Lthe plane HGI (IV, Theor. 4.) 
And V AB||EF, ,\ AB-L the plane HGI (IV, Theor. 6.) 
For the same reason CD -L the plane HGI. 

Hence AB||CD (IV, Theor. 6). 

Note. This corresponds to I, Theor. 7. 
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V. Projection of a Straight Line on a Plane. 

THEOREM 9. 

The projection of a straight tine on a plane is a straight line . 



Let AB be a j and P a plane ; 
then the projection of AB on P is a J . 

Suppose AC, BD X plane P, ihen AC||BD (IV. Theor. 6); 
and AC, BD are in the same plane X, 

And | AB is in X. v pts. A and B are in X (I, Def. 7). 
Now let CD be the common section of planes X and P. 
Then CD is a | (IV, Theor. 3); and it is the projection 

of AB on plane P. 

For, take any pt. E in AB and in plane X draw | EF X CD ; 
then EFI 1 AC arod -L P, or F is the projection of E on P. 
Similarly the projection of every other pt. in AB is in CD. 
Again, every pt. in CD is the projection of some pt. in AB. 
For take any pt. G in CD and in plane X draw GH||AC. 
Then GH X P (IV, Th. 6); .*. G is the projection of H on P. 
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VI. Straight Lines and Planes Parallel 
and Perpendicular to one another. 

THEOREM 10. 

fj a straight line outside a given plane is parallel to a straight 
line in the plane , it is parallel to the plane itself 


A 

Q 

. 

,'PC 

\ 

D \ 


.— y 


Let | AB outside plane P he {] CE> in^P; 
then AB |j plane P. 

For v AB||CD .*. they are in the same plane X ; 
and if AB produced meet P, its pt of intersection mint be in CD- 
the common section of X and f\ 
which is impossi ble, v AB||CD. 
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THEOREM II. 

If a straight line is perpendicular to a plane , any plane passing 
..through that line is perpendicular to the first mentioned plane. 



Let | AB he -L plane P; 
then any plane M through AB is X 
For, from any pt. C in the common section BC of P and M 

draw CD X BC. 

Then CD || AB; and AB X plane P; 

CD X plane P. (IV, Theor. 6). 

Similarly it may be shewn that 
every J in plane M X BC is X plane P. 

Hence plane M X plane P. 



SEC. II.] 


THEOREMS. 


(4* 


THEOREM 12. 

If two intersecting planes are perpendicular to a third plane,, 
their common section is perpendicular to that plane . 






M 

N; 
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Let planes M and N he each X plane P : 
then AH the common section of M and N is X P. 
For if not, from B in plane M draw BE 
X BC the common section of M and P, 
and in plane N draw BF 
X 13D the common section of N and 1\ 

Then BE and BF are both X plane P, which is impossible; 
for suppose the plane containing BE, BF cuts P in GH, 
then Z.EBG=a rt. L — L FBG, which is absurd. 
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If two parallel planes are cut by a third plane their common 
sec tions are parallel. 


1 k' 
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Let AB, CD be the common sections of the two parallel 
planes M an«i N with the plane P ; 
then AB || CD. 

For AB and CD are | s (IV, Tbeor. 3) in the same plane P, 
and as they are in the parallel planes M and N, 
they cannot meet. 

Hence AB || CD. 

Noth. A straight lino in M can never meet a .straight line in the 
parallel plane N, but they are not patullel lines unless they are in the 
same plane, that is, nr« the common sections of M and N with some 
third plane. 

THEOREM 14. 

If two straight lines are cut by three parallel planes , they are cut 
in the saute ratio. 



Let the I s AB, CD be cut by the parallel planes M, N, P, 

in A, E, B and C, F, D; 

n AE_CF 
then EB~FD‘ 

Draw AD cutting plane N in X ; and join EX, FX. 
Then v plane N |) plane P, and plane ABD cuts them, 
/. EX II BD (IV, Th. 13), 
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Again V plane N U plane M, and plane ADC cuts them, 

XF || AC, 

. AX CF „ AE CF 

and xd = Pd' Hence eb“fd 

k 

Note. This corresponds to III, Theor. 1. 

Cor. i. Parallel planes make equal intercepts on parallel 
straight lines. 

For if AB i CD, then v AC il BD, .% ABDC is a parm., 

and /. AB=CD. 

Cor. 2. If two intersecting straight lines in space are 
parallel to two others, (i) the first two and the other two contain 
equal angles, and (ii) they are in parallel planes. 



Let AB, AC be respectively 0 DE, DF. 

Then (i> z BaC= z KDF. 

For make AB, AC**DE, DF, and join AD, BE, CF,BC,EF. 
Then V AB=and 11 DE, BE - and I AD ; 

and v AC=and « DF, AD-and ^CF. 

And hence V BE=and i CF, BC — and ! EF. 

Thus from As BAC, EDF, z BAC - z EDF. (I, Th. 13). 

And (ii) plane ABC I) plane DEF. 

For let AG be -L plane DEF. Draw GH, Gl il AB, AC. 
Then V AG -L plane DEF, As AGH, AGI are rt. As ; 
and VAB, AC § GH, GI, z s GAB, GAC are rt. z s (I, Th. 6). 
Hence AG -L planes ABC and DEF. 
and plane ABC 1 plane DEF. 

For if they meet, | s drawn from any pt. in their common section 
to A and G will make rt. z s with AG, 
and thus two z s of a A will be two rt. A s, 
which is impossible ( 1 , Th. 8, Cor. 1). 
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VII Trihedral Angles. 

THEOREM 15. 

In a trihedral angle, the sum of any two face angles is greater' 
than the third. 



Let the trihedral z at O he comained bv the three Zs 
AOB. BOC, COA ; 

then any two of these, i AOB 4* Z AOC> zBOC. 

If i BOC < or^ z AOB, the proposition is evidently true. 
Suppose z BOC> Z AOB. 

At O in BO make Z BOD= i BOA ; 
take any pis. B. C in OB. OC; 

draw BC cutting OD in I) ; make OA=OD ; and join AB, AC. 
Then from As OB A, OBD, BA=Bl) (1, Th 12 ). 

But BA + AC> BC (I. 7'h. 11 , that is, > BD + DC, 

,\AC> DC. 

Thus in A s AOC, DOC we have, OA=OD, OC common, 
and a C> DC ; ZAOC> 1 DOC (I, Th. 16). 

Hence ZAOB+ ZAOC> zBOD+zDOC, 
that is, > Z BOC. 
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THEOREM 16. 

If two trihedral angles have the face angles of the one equal to 
those of the other , each to each, the t* ihedral angles are equal. 



Let the trihedral zs at O and o have 
the face Z s of the one respectively equal to those of the other ; 
then the trihedral angles are equal to one another. 

Take any pt A in OA; make cnis-OA ; 
in the planes OAB, OAC draw AB, ACJ.OA ; 
in the planes oab, oac draw AB, ae^-oa ; and join BC, be, 
Then in As OAB, oab, Y Z AOB=* 1 f _aob (by hypothesis), 

Z OAB= / oab (each being a rt. Z) 
OA=0tt (by construction), 

OB —<?£, AB=»<a£ (I, Th. 14). 
Similarly from As OAC, oac, OC =*oc, AC —ac. 

And vzBOC=Z^f (by hypothesis), 
from As OBC, obc , BC = bc (l, Th. 12). 

Hence trom AsABC, abc, zBAC—Z(W(I, Th. 13); 
that is, the inclination of face OAB to face O AC 
-the inclination of face oab to face oac (IV, Dei. 4). 
Similarly it may be shewn that 

the inclinations of the faces OAB, OAC to OBC are respectively 
equal to the inclinations of the corresponding faces of 
the solid angle at 0. * 

Hence, if the face angles are similarly situated, 

the equality of the solid angles may be shewn by 
superposition. 

If the face angles are not similarly situated, 
the solid angles may be placed so that two of their corres¬ 
ponding faces may coincide, and the solid angles shall lie 
symmetrically on opposite sides of the plane of coincidence, 
and must be equal by symmetry. 

Note. 1. The cases in which the perpediculars on any of the edges 
of the solid angles do not meet their other edges are left as exercises for 
the |tndent. 

Note *2. It should be observed that equal magnitudes do not always 
coincide, and that the converse of Axiom 0 is not always true. 


IO 
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VIII. Convex Solid Angles. 

1 

THEOREM 17. 

The sum of the face angles of any convex solid angle is less than 
four right angles. 



Let the solid z at O be contained by 
the plane 4 s AOB, BOC, COD, DOE, EOA *, 
then their sum<4 rt. 4 s. 

Let a plane cut the planes of the face 4 s 
in AB, BC, CD, DE, EA; suppose any pt. X taken within 
the figure ABODE; and from X suppose XA, XB, 

XC, XD, XE drawn. 

Then the sum of the face 4 s at O 
+ the sum of the base 4 s of As OAB, OBC, etc. 

— all the z s of As OAB, OBC etc. 

=twice as many rt. 4 s as there are As 
=all the 4 s of the A 8 XAB, XBC etc. 

(V the number of A 8 in each case is the same) 

— all the 4 s of the fig. ABCDE+the Z s at X 
=all the A s of the fig. ABCDE+4 rt. 4 s. 

Now each of the solid z s at A, B, C, D, E, is a trihedral z 
contained by two of the base 4 s of the As OAB, OBC etc. 
and one of the angles of the figure ABCDE; 
and as any two of these 4 s in each case>the third (IV, Th. 15), 
.•.the sum of the base 4 s of the As OAB, OBC etc. 

> the 4 s of the figure A BCDE ; 
and the sum of the face 4 s at O <4 rt. 4 s. 

Cor. There cannot be more than five regular solids, that is, 
solids whose faces are equal regular rectilineal figures. 
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. For every did angle of a regular did must satisfy taro 
conditions 

t 

(i) It must be contained by at least 3 plane L s. 

(ii) The sum of the plane Zs by which it is contained 
must be<4 rt, l». 

Regular figures of more than 5 sides areexcluded, 

V 3 4 s of such a figure are not <4 rt. l s. 

Again more than 5 of a regular figure of 3 sides, and 
more than 3 Zs of one of 4 or 5 sides are excluded by condi¬ 
tion (ii). 

Thus the only regular dids possible are those whose solid 
angles are contained 

(1) by 3 £ s of equilateral As (as in the tetrahedron), 

(2) by 4 zs of „ „ ( „ octahedron), 

(3) by 5 zs of „ „ ( „ icosahedron), 

(4) by 3 zs of squares ( „ cube), 

(5) by 3 zs of regular pentagons ( „ dodecahedron). 

Note, To construct the regular solids by outting and folding 
card-board or stiff paper oe; Problem 3 at page 160, 
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IX. Volumes of Prisms, Parallelopipeds, 

and Pyramids. 

THEOREM 18. 

Right prisms of equal altitudes and on equal dhd similar bases 
are equal. 


>' v;, 
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Let ABCDE—FGHIJ, A'B'C'D'E'—F'G'HTJ' 
be two right prisms of equal altitudes AF, A'F' 
and on equal and similar bases ABCDE and A'B'C'D'E'; 

then they are equal. 

For if the prism A'B'C'D'E'-F'G'HTJ' be applied to 
the prism ABCDE—FGHIJ so that 
the pt. A' may be on A, and | A'B' on AB, 
then B' shall be on BvA'B' = AB, 

| B’C shall be on | BC, V z A'B'C'- L ABC, 

C' shall be on C, VB'C'=BC, and so on ; 

that is, figure A'B'C'D'E' shall coincide with ABCDE. 

Again A'F' shall be on AF,V each is -L its base, 
and F' shall be on FvA'F'-AF. 

And for the same reason, G',H,' 1 ',J', shall be on G,H,I,J, 
and the entire prism A'B'C'D'E'—F'G'HTJ' shall coincide 
with prism ABCDE—FGHIJ. 

• Hence the prisms are equal. 

Note. The prisms are supposed to be hollow and their faces to be 
imaginary planes perfectly penetrable. 


Cor. 1. Right prisms of equal altitudes and on equal bases 
which are parallelograms are equal. 

For each base may be easily transformed into its equivalent 
rectangle having a common side, and the parallelogram may be 
cut into parts and made to coincide with the corresponding 
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rectangle (I. Th. 18. Note 1); and the prism on each base maybe 
cut into parts in the samfe manner by plane* perpendicular to 
the base, and made to coincide with a right prism of the same 
altitude on the corresponding rectangular base. Thus each prism 
will be transformed into its equivalent right prism of the same 
altitude on a •rectangular base of equal area. Again, the two 
rectangular bases may, by the proper selection of a common linear 
unit, be each divided into the same number of equal squares, and 
the two prisms on the rectangular bases may each be divided 
into the same number of prisms of the same altitude on bases 
which are squares on the linear unit, and all these prisms will be 
evidently equal. Hence the original prisms must also be equal. 

Cor. 2. Hence, right prisms of equal altitudes and on equal 
bases which are triangles, are equal. 

For they are evidently halves of prisms of equal altitudes on 
bases which are parallelograms of equal area, and these last men- 
tioned prisms are, by the preceding Corollary, equal. 

Cor. 3. And hence generally, right prisms of equal altitudes 
and on equal bases which are any rectilineal figures, are equal. 

For each base may be cut into trianges as in Bk. I, 
Prob. 10, and the prism on each base may be cut into as many 
triangular prisms by planes-Lthe base and passing through the 
lines of division of the base ; and each of these triangular prisms 
being, by Cor. a, equal in volume to a triangular prism of equal 
altitude on a base equivalent to its own, it is clear that each origi¬ 
nal prism is equal to a prism of equal altitude on an equivalent 
triangular base into which its original base may be transformed 
by the help of the above mentioned Problem. 

Thus the original prisms may be transformed into their 
equivalent triangular prisms of equal altitudes and bases; and 
these last mentioned prisms are equal' by Cor. 2. 

Cor. 4. If two prisms have their bases and side faces 
respectively congruent, they are equal. 

For the face angles containing the solid angles of the one, 
which are all trihedral, being respectively equal to those in the 
other, the prisms have their corresponding solid angles equal 
(IV, Th. 16). They have also their corresponding edges equal. 
Hence the prisms must be equal. 
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THEOREM 19. 

Parallelopipeds having the same base and equal altitudes are 
equal . 


H 


. v . */' 

a b 


Fig 1. 

Let ABCD—EFGH and ABCD—E'F'G'H' 
be two parallelopipeds on the same base ABCD, 
and having the same altitude ; 
then they are equal. 

First t let the edges EF, E'F' be in the same | as in Fig. 1. 

Then GH and G'H' are also in the same |, 

V they are || EF.F/F' 

And V EF= AB=E'F',/. EE'=FF'. 

For the same reason, GG' = HH'. 

Also AD -BC, AE=BF, AE'-BF'. 

Hence prisms AEE'—DHH' and BFF'—CGG' have their bases 
and faces congruent, and are equal (IV, Theor. 18, Cor. 4). And 
.‘.taking these equal prisms successively from the whole figure, 
parallelopiped ABCD-EFGH=parallelopiped ABCD-E'F'G'H'. 
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Fig. 2. 


Secondly, let the edges EF, E'F', be in different | s as in Fig. 2. 

Produce H'E', G'F' to meet FE, GH in I, L, J, K. 

Then by the first case, 

ABCD—EFGH, ABCD—E'F'G'H' each= A BCD—IJKL ; 
/.they are equal to one another. 

Cor. 1. If three contiguous edges AB, BC, BD, of a rect¬ 
angular parallelopiped, that is, its length, 
breadth, and height, contain respectively a, b , 
c linear units, it contains axbxc cubic 
units or cubes, each having its edges equal 
to the linear unit; that is, shortly stated, 
the volume of a rectangular parallelopiped 
whose length, breadth, and height are a, b , 
and c is«**a b c . 

For if the edges are divided into a, - 

6 . and c parts, and planes are drawn through the pts. of division 
|| the faces BCFD, ABDH, and DFGH, the parallelopiped will be 
divided into small cubes, each cube having a linear unit for its 
edge; and 

the number of cubes=number of cubes in a horizontal layer 

x number of layers 
= number of squares in DFGH 
x number of linear units in BD 

mmaxbxc. 



Note 1. Bearing in mind what is said in the Notes to Theorems 
and 21 ol Book I, it witt bo seen that a,b, $ maybe utegraXot irao- 
tional, commensurable or incommensurable. 

Note 2. This Theorem corresponds to I, Theor. 18. 
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Cor. 2. The volume of any paralleIopiped=area of base 
x altitude. 

r 

For any parallelopiped is equal to a parallelopiped 
of the same altitude on the same base and having its faces 
adjacent to the base perpendicular to the base ; and this parallelo¬ 
piped being a right prism, is equal to another righf prism of the 
same altitude, on a base of equal area (IV, Th. i8, Cor. i) which 
is a rectangle : and the volume of this last mentioned parallelo¬ 
piped is by the preceding Corollary=area of base x altitude. 

Cor. 3. A diagonal plane of a parallelopiped divides it into 
two triangular ptisms of equal volume; and the volume of each 
=4 volume of parallelop»ped=area of base x altitude. 

Cor. 4. Hence, since every prism can be divided into 
triangular prisms by dividing its base into triangles, 
volume of any prism=area of base x altitude. 
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THEOREM 20. 

Pyramids of equal altitudes and on bases of equal areas are equal. 
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Fig. I. Fig. 2. 

I.et O—A BCD and o—a b c be two pyramids 
of equal altitudes and on equal bases ABCD, abc ; 
then they are equal. 

Divide the altitudes into n equal parts, and through the 
pts. of division draw planes || the bases of the pyramids. 

Then the sections made by these planes will be 
similar and proportional to the bases (IV, Th. 13, 14; III, Th. 8) 
and as the bases are equal, the sections of the one pyramid 
will be equal to the corresponding sections of the other. 

Now jn these sections let prisms be constructed, 
on the lower side as in fig. 1, and on the upper as in fig. 2, 

the altitude of each being-th of that of the pyramid. 

n 

Then these prisms in the one pyramid having their bases 
and altitudes equal to those of the corresponding prisms in the 
other pyramid, will be respectively equal (IV, Th. 19, Cor. 4). 
Let V, v be the volumes of the pyramids, 

S, s the sums of the volumes of the prisms, 
then s—-S=the volume of the lowest prism in 0 — abc. 
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Now. by increasing n without limit, we can make the height 
of the lowest pyramid and therefore its volume. 

less than feny assignable magnitude; so that ultimately, 
S=8. 

But in that case, the difference between V and S, and that 
between v and s also vanish, 
so that V=S, v=s. 

Hence V=v. 

Cor. i. The volume of a triangular pyramid D—ABC is 
one-third of the volume of a prism ABC—DEF having the same 
base and altitude. 

For draw the plane CBD. 

Then the pyramids C—ABD and C—EDB 
which have equal bases ADB, EDB, and a 
common altitude, namely, the perpendicular 
from C on plane ABED, are equal. 

And the pyramids C—ADB and 
C—DEF, which have equal bases ABC, 

DEF, and equal altitudes, namely, the 

perpendicular distance between planes ABC, DEF, are also equal. 

Hence the prism ABC —DEF is divided into three equal 
pyramids C—ABD, C—EDB, C—DEF; or pyramid C—ADB, 
that is, D—ABC=i of prism ABC—DEF. 

Cor. 2. The volume of every pyramid is one third of that 
of a prism of equal base and altitude. 

. For it may be divided into triangular pyramids of the same 
altitude, by dividing the base into triangles, and drawing planes 
through the dividing lines and the vertex, and then the preceding 
Corollarly may be applied. 

Cor. 3. Volume of a pyramid^ x area of base x altitude. 
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X Volumes of Cones, Cylinders and Spheres. 

THEOREM 21. 

The volume of a right cone is equal to one-third of the volume of 
■a right cylinder of equal base and altitude. 



For the base which is a 0 may be divided into 
an indefinitely large number of small sectors like O a A, 
which may be regarded as triangles, 
and right prisms and pyramids constructed upon them, 
having the same altitude as the cone, 
and the pyramids having the vertex of the cone for their vertex. 
Then vol. of each pyramid = \ of vol. of corresponding prism, 
and sum of the vols. of the pyiamids=£ of sum of the vols. of 

the prisms, 

And as these sums are respectively the vols. of the cone and cylinder, 
vol. of the cone — £ of vol. of cylinder. 

Cor. 1. If r=radius of the base, and A=height of the cone, 
vol. of cylinder — irr 2 h, vol. of cone* J Trr*h. 

Cor. 2. Area of the convex surface of the cylinder= 27 rrA, 

(found by dividing the area into elementary rectangles like 

A ad A!) ; 

ZTcrk* 

and area of the convex surface of the cone=-, 

2 

-where K —slant height AO', 

(found by dividing the area into elementary triangles like AaO'). 
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THEOREM 22, 

The surface'of a sphere is equal to the convex surface oj the 
circumscribed cylinder , and the volume of a sphere is equal to 
two-thirds of the volume of the circumscribed cylinder. 



b ; T 



i J , ' P 



• an n o 

1 
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Let APB be the semi-circle (whose centre is O, and radius=r) 
and ABCD the rectangle (that is, half the circumscribed square) 
which by their revolution about AB describe the sphere 

and the cylinder. 

Let P, P' be two pts. on ihe 0 so close to one another that 
TPP' may be regarded as a tangent to the 0 at P. 

Join OP; draw EPN, E'P'N'XAB ; and let PP' meet AB in F. 

PP' PT 

Then ^^=^,( 111 , Theor. i) 

OP 

■Bpj^(from similar As EPT\ NOP) 

== PN^" OP); 

.% PN.PP'=EN. EE'. 

Now the area of the surface generated by the chord PP' 

—.curved surface of a frustum of a cone whose 

vertex is F 

-4 of 27 T PN, PF—| of 2JT P'N'.P'F 
«a7rxi(PN. PF—P'N'.F'F') 

P'F P'N' P'F\ 

-awx* (PN. PF-PN^P'F) (for 

PN 

= p p x 4 (PF*—P'F*) 

J (PF + P'F)(PF-P'F) 
pp * (PF+P'F) xPP' 

PN. PP, ultimately, when P, P' are consecutive pts., 
that is, when chord PP' coincides with arc PP' 


■»2ir. 

= 27 T. 

«2T. 
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Hence area of the zone of the sphere generated by PP' 

’ -2T.PN. PP'=2ir. EN. EE' (VPN. PF-EN, EE') 
a area of the surface of the cylinder generated by EE'. 

And the whole surface of the sphere 
=the whole convex surface of cylinder 
»27rrx zr 
= 4 XT* 

To find the volume of the sphere, 
we may take any three contiguous pts. on the surface forming a A. 
and suppose the whole surface divided into small As like that, 
and the whole volume divided into small pyramids on these A fc 
with the centre for their vertex. 

Then volume of each pyramid ~ J of rxarea of base, 

and volume of the sphere - sum of the volumes of the 

pyramids 

= l X r x sum of areas of bases 
= | x r x area of whole surface 
»|xr X47rr a 
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SECTION III. PROBLEMS. 

I. Drawing Perpendiculars to Planes and 

Straight Lines. 

PROBLEM 1. 

To draw a perpendicular to a plane from a given point without it. 


i a 


C \ ! 

y\ ! / 


H 

D 

\ 

c 


In the given plane, P, take any | BC, 
and from the given pt. A draw ADj.BC. 

Then if AD-Lplane P. the thing required is done. 

If not, in plane P, draw DEj.BC, and draw AFj.DE. 

Then AF-Lplane P. 

Draw FG || BC. 

ThenvBDlAD and ED./. BDJLplane ADE (IV, Th. 4); 
andVGF||BD,/.GE-Lplane ADE (IV, Th. 6 ), 
and/.GF-LAF, or AF-LGF. 

Also AF-LDK; 

/.AF-Lplane P which contains DE, GF. 

Cor. Hence we can draw a perpendicular to the plane P 
from a given point H in it. 

For take any pt. A outside the plane P ; draw AF-Lplane P, 
and from H draw HI||AF. Then evidently HI-Lplane P. 
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PROBLEM 2. 

To draw a straight line perpendicular to two straight lines not 
in the same plane. 


H 


Through any pt. B in AB, one of the given | s 
draw BE |1 CO the other given | ; 
fiom any pt. F. in CD draw FGXplane ABE ; 
through G draw GH||CD and meeting AB in H, 
and draw HI||GF and meeting, CD in I. 
Then HI is the perpendicular required. 

For v HI || GF and GF -L p!ane ABE, 

HI -L plane ABE and X AB. 

Again V GH || CD, and L GHI is a rt. L , 
/: HIF is also a rt. 
that is, HI X CD. 

Hence HI X AB and CD. 
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II. Construction of Regular Solids. 

PROBLEM 3. 

To construct the five regular solids . 


II. Cube. III. Octahedron. 




1 

" '■' ' ■' 

-kit- ■ 

•»':•> va-*/- 


v\ A A 

? -0 'Sir 




IV. Dodecahedron. V, Icosahedron. 

Draw on paper, equal equilateral triangles, 4 in number, as 
in Fig. I, 8 in number, as in Fig. Ill, 20 in number, as in Fig. V ; 
equal squares, 6 in number, as in Fig. II; and equal regular 
pentagons, 12 in number, as in Fig. IV. 

Cut the paper along the free edges in each Figure, and fold 
the paper along the joined edges; and five regular solids will 
be foTined, that is, the Tetrahedron from Fig. I, the Cube or 
Hexahedron, from Fig. II, the Octahedron from Fig. Ill, the 
Dodecahedron from Fig IV, and the Icosahedron from Fig, V. 
And these are the only regular solids (IV, Th. 17, Cor.). 



I. Tetrahedron. 
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SECTION IV. EXERCISES. 

1. The aoute angle which a straight line makes with its projection 
on a plane, is less than the acute angle which it makes with any other 
straight line meeting it in that plane. 

2. If two planes intorsect, and straight lines are drawn in one of 
the planes froip any point in their common section, then of these lines, 
the one drawn perpendicular to the oommon section has the greatest 
inclination to the other plane. 

3. The angle between two intersecting planes is oqual to the angle 
between their intersecting normals. 

4. If a straight lino is parallel to each of two intersecting planes, it 
is parallel to their common section. 

5. If a straight line intersects two parallel pianos, it makes equal 
angles with them. 

fi. If two parallel straight lines intersect the same plane, they make 
equal angles with it. 

7. If three planes intersect one another, their three linos of intersec¬ 
tion are either concurrent or parallel. 

8. If two planes are drawn, one through each of two parallel 
straight lines, their common section is parallel to each of those lines. 

9. Give the reason why a table with any throe legs may stand with 
all its legs touching a plane floor, but one with four or more logs will not 
so stand unless the legs are equal or otherwise properly adjusted. 

10. There cannot bo more than five regular solids. Construct the 
five regular solids by cutting and folding oard-board or stiff paper. 

11. Any face angle of a trihedral anglo is less than th»’ sum and 
greater than the difference of the supplements of the otlioi two face 
angles. 

12. The linos joining the centroids of any two faces of a tetrahedron 
cut each other into segments which are as 1 : 3. 

13. Every plane section of a sphere is a circle. , 

14. Every section of u right cone made by a piano passing through 
the vertex consists of two intersecting straight lines. 

1.). Every section of a right cono by a plane perpendicular to tho 
axis is a circle. 

16. Shew that the volume of a tank whose top and bottom are rect¬ 
angles whereof the lengths and breadths are l, l\ b, V, whose depth is cl , 
and whose sides have uniform slope, is +l'b' + (l+V) {h + h‘)\. 

(Lilavati,‘§22l.) 
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